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Kegpdiowo 1

ITebhoyocg

Ov amapriuntixéc avaAlolwTeg YEQUETPIXGOY AVTIXEWEVKDY OTWE To TOAITOTA, To LOVOTAEXTIXG
OUUTAEYUOTY, T XUBIXA CUUTAEYUATO X.0.X. TOPEYOUY ONUAVTIXES TANPOQOpiec Yo TN HEAETY
WY AVTIXEWEVLY auT®y. Mia Yepehddng amapripntixd availolwtn eivor to f-didvuopa, 7 -
00T cuvTETAYUEVY Tou omolou xataypdget To TARdog Twv Thevpdy ddotaong 1. Eva xhaoixd
TeéBANua o€ auth TV Teptoy T elvor o (uepxde f ohixde) yapaxtnetopde tou f-draviouatos e
EXAOTOTE XAJONG YEWUETPXAOY avTiXewévwy. Ou mAnpogopiec mou unopel vo anoxoploel xovelg
ouyva exppdlovton mo xoudd uéow tou h-diaviopatoc. Evdiagépov eniong €yel napovatdoet o
TP6TOC e ToV onolo petadAlovtor ol amaptdunTiég avahholwTeS GTAY TO YEWPETEIXG avTiXEiUEVO
unodapeiTa.

To f-Bidvuopa TwV HOVOTAEXTIXWY TOAUTOTWY €yel yoapuxtnelotel mhfpwe, wéow Tou g-
Vewpripatoc (BA. [15, 16, 57]). Avtdétwe, mohl hiydtepec mAnpogopies eivar Yvwotés yio ta
flag povomhextind oupmhéyparta xon to xuBxd cupmhéypata. O Stanley avéntuge ) Yewpla v
oY h-Sravuopdtov [59] yia va yeketroet Ty enidpaon twv unodupéoewy 6To h-Bidvuoua.
Anédeile 6T1 To h-Bidvuopa auEdveta GTay £Vol LOVOTAEXTIXG CUUTAEYUA UTODINEELTOL NUIYEWUE-
Tewd. Mio avéhoyn ewxacia yior 10 y-Bidvuoua YEOUETEIXGY unodlonpéocwy flag povomhextixdy
oupmheyudtoy dratundinxe and toug Postnikov, Reiner xow Williams [51]. H ewaoia auth ev-
TACOETAL 0TA TAUOLO TOU YEVIXOTEPOU EVOLUPELOVTOS Yial ToL Y-OlavoHaTA TOU TupodoThinxe and
v ewxaoio tou Gal. H ewxaoio tou Gal [41] efvar éva avdhoyo tou yevixevyévou Yewphiuatog
x4t pedypatoc (Generalized Lower Bound Theorem [57]) xa avagépet 1t 10 y-idvuopa twv
flag povomhextix®y ogoloyixdv o@aipny elvar un apvntixd. Xenollomotdviag Yedddoug and )
VYewpia v Tomx®y h-Stavuoudtwy tou Stanley [59], o Adavaotddne [6] anédele g d0o npoo-
vagepeloeg ewaoieg yio xdnoleg eldxés nepint@oelg xat detinwoe wia oyvpdtepn ewxaoia, Tou
avapépel 6Tl To Tomxd Y-Oldvuoua xdde flag yewuetpnnc utodlaipeong Tou wovomidxou elvan un
apYNTIXO.

ITépa amd autd ta xivntea, 0TV Tapovoa epeuvnTixY epyacio wac Winoe xat 1 anovaoio mo-
paderyudtov and ) Pihioypagia mou agopolyv unodiatpéotlc xUPwY ouunAeyudtoy. EEol xou
apyxd peReTRioopE TN UETABONY TwV xUBXOY h-Blavuopdtwy und xuPut Papuxevtpixn utodlaipe-
on. H el auth nepintwon enextdidnxe and tov Adavaciddy [4], o onofog yerétnoe g xuPixée
unodlaipéoelc o€ éva mo YeVixd mhaiolo. And v dAAN, 1 Unupdn TopadEYUdTOY TOU APopolY
Tomxd h-Sraviopato xat Tomxd y-dtaviopata fray Teploploévn. Luyxexpwéva, o Stanley [59]
anédete 6Tt To ToMIXG h-TOALGYLRO TNE BapuXEVTEIXNS LTOBIAPEOYS TOU HovoThdxou elvan {co
we ) yevvAtpta ouvdptnon dp(x) tou TAflouc twy unepPdocwy otic uetadéoelc ywplc otadepd
onueta. Kat” avahoyia, epeic pehetodue pio Bapuxevtpu unodiaipeon ue eapuoyéc otny anapli-
unon uetadéoewy e unEpoxTAEdPIXTc ouddag. Auth 1 unodiaipeor), 6w xou oL UTOBIUEETELC
OUNV®Y ToU UEAETOVUE oTN oLVEYELR, enahniebouy Ty ewaoio Tou Adavaciddn xat evioylouy



2 Kegdadowo 1. Ilpdroyoc

v menoldnon yio Ty 1oyl TNg.

H dopn tng datpBric autrg €xel wg e€ic. Xto Kegpdhowo 2 uneviupiCoupe to amapaitnro
uTOBopo Yio TO CUUTAEYHATA XAl TIG UTOBIMEESELS TOUG, TA OUNVY), TIC METAUECEIS XU TIC WM
draoTawpolueveg dlapepioelc. To undhotna xe@dhato TEPLEYOUY TPWTOTUT ANOTEAEOUATOL.

To Kegdhato 3 avtiotoryel otny Evétnra 4 tou [9] xou oto dedpo [10]. ‘Onwe avapépaye R,
elvor Yvooté [59] 61 1o tomxd h-mohudvupo e Bapuxevtpixic unodiaipeone Tou LovoThdxou
efvat {oo pe to mohudyupo yetadéoewv ywpic otadepd onueia dy(x). Xenowonowdvtag auth Ty
epunvelo, delyvouue 6T ebvon y-un apvnTiXd BIVOVTOC CUVBVACTIXES EQUNVEIES VIOl TOUG GUVTEAE-
o1éc Tou avtioTolyou y-tohuwvipou. Tl to Tohudvupo petadéoewy ywplc otadepd onueta d2 ()
tOnou B divetau évag véog cuvduaoTixdg Tinog. And tov Tino autd mpoxinTEl dueca 6Tt TO df (&)
dlaomdton 0To Gipoioua 500 Un AEVATIXGDY, CURUETRIXWY Xl LOVOTROTWY TOAUGVIUWY, UE XEVTEU
ovppetpiac Tou dragépouy xatd 1/2 xar étot éyoupe pio véa anddeln tne wovotponiog tov. Mia
yewpetpw eppnveia, avdhoyn ue auth yio 10 dp(x) mou €youye avapépet mo Tdvw, divetar yio
OV €val and Toug 6poug auThg TNe dtdomaone. Auth 1 gpunveia wag odnyel oe uia povotpomixy
didomaor tou ToAuwviuou Euler tinou B, tng onolag ot 6pol unopoly v ex@pactoly ¢ TPog To
nohudvugo Euler tomouv A. Ta didgopa tohu@vuye didonoaorg tou opilovto oto Kegdhato 3 pe-
AetolvTon enioNg W¢ MPOg avaywYIxolE TUTOVS, YEVVATELEG GUVOPTACELS, CUVBVACTIXES EpunVEleg
xou Omopgn TRy UATIXOY EIlOV.

To Kegdhouo 4 avtiotoyel o010 peyolitepo pépoc tou dpdpou [9]. Xe autd vrohoyiletau
T0 TOomXO h-Bldvuopa TG UTOBLIlPESNC CUNVOY Xal AmOBEIXVIETAUL WS TO AVTIGTOLYO TOTIXO
y-0tdvuopar ebvar un opvnuixd. XpenowlonoldvTag Un dSlaoTaupolueves Slapeploel timou A xou
B, divovtan ouvduaoTixég epunveleg Yl Tic CUVTETAYUEVES TOU ToTxo) h-BlaviouaTog ot Tou
avtioToryou Y-0lavioPaToS Yia To XAaotxd GuoTHUAT PILMYV.

Téloc, to Kegdhao 5 avuotoyel oto dpdpo [55]. e autd peketolue tnv xuPixy Bopu-
xevtpxt, unodaipeon sd.(K) evéc xuixol ouunhéypatoc K, tou opileton w¢ éva avdhoyo tne
Bapuxevtpixic umodiafpeong evog povomhextixolh ouunAéyuoatog. Afvovtar timot yio To Bpoyd
xUPx6 xau 1o (HapV) xuPixd h-didvuopa e sd.(K) ouvapthoet twv avtiototywy tou K. Ané
aUTOUC TREOXVTTEL OTL 1) CUUPETEIN XL 1) U1 AEVNTIXOTHTO QUTWY TWV A-BlavuoUdTeY, xodeg ot 1
Omapén uoévo mporypatixwy eilov yio 1o Beayd xuPixd h-moALGYLPRO, BIATNEOUVTOL OTAY EQUOUO-
otel xuPr| Bapuxevtpin| unoduiipeoy. Erniong, npocdlopiletar 1 aouuntwTixy CUUTERIPOEE TOU
Beayéog xuPwol xar Tou xuPBod h-ToAUWVOROL Yia BladoyIxés PBapureVTEIXEC UTODLINPETELS TOU
K.

Kieivovtag tov npdhoyo, Vo fdela va euyaplotiow tov emBAénovta xonynth wouv Xproto
AGoavoaotddn yio Ty aveEdVTAN T UTOROVYH TOU Xou TN oLVEY T TNy N éunvevong xad’ OAn tn Sidpxeta
NG ouvepyaoiug pag ot yia T Btépdwon Tou TeEAixol xewévou tng datpiPrc. Emiong Ya el va
euyaploThow toug Francesco Brenti, Mirké Visontai xou Volkmar Welker yia xdnoteg yprioipeg
oulntioeic xat toug Ron Adin, Yuval Roichman, John Stembridge, Mirké Visontai xou Volkmar
Welker yio ypfiowes unodeileic ot Bifhoypagpia.

Koatd 1 didpxela exnoévnong avtig g datpBhc Ruouy apyixd undtpogog tou Idpluatog
Kpatixdv Trotpogidrv Konpou (Iavoudprog 2008 - Aexépfproc 2010).

Y ouvéyeta ouyyenuatodothidnxa and v Evpwndixy Eveon (Evpwndixé Kowwvixd Ta-
pefo - EKT) xou ané edvixoie népouc péow tou Emyepnotaxot Hpoypdupatoc “Exnaidevon xa
Ata Biov Mddnon” tou Edvixot Etpatnyxod IMhasiov Avagopdc (EXIIA) - Epeuvntixd Xenua-
t080t00pevo Epyo: Hpdxhertog II . Enévbuon atny xowvevia g yveone uéow tou Evpwnaixob
Kowvwvixot Tageiou (Iavoudplog 2011 - Tobviog 2013).



Kegpdiowo 2

Eiwcaywyn

Avth n evomnta Eexvd xadopilovtag toug ouyPolionolc tou Ya yenowonomidolyv o€ auth
™ OatelB xar uneviupilovtag Bacixolc optogols Yiol T LOVOTAEXTIXG CUUTAEYUATA, TIC WO-
vomhexTixéc unodionpéoelc xot Tic amapriunTtixés Toug avollolwteg. Xtn ouvéyeia yivetou pla
AVAOXOTNOT, TV CUUTAEYUATOV GUNVOY Xot Ot LTOBLEESELS aunvaY opilovton Tumixd. Auth 1)
evotnTa ohoxhnpwvetan e plo oulrntnon mou agopd Ti¢ YeTad€oElg xaL TG Ur Do TAVPOVUEVES
dlapeploeic TOnwyv A xau B. Ilepioodtepeg minpogopieg yior autd tar Yéuarta prmopotv va Beedtoly
ota [17, 18, 38, 43, 53, 59, 60, 62, 67] xa 0TI AVaPOEES TOU UTEPYOUY GE AUTA.

Oa ovuPorilovue ue N 10 olvoro twv un apyntxadv axcpaiowy. I'a xdide Yetind axépono
n Vétoupe [n] := {1,2,...,n} xu Q, = {1,-1,2,-2,...,n,—n}. ZupPorilovpe e |S| tov
Tt aprdud, xon pe 2% 1o 6Gvoho eV 1wV UTOGLVOLWY, EVEC TEREPAGUEVOU GUVEAOL S.

2.1 XUURAEYUATA XL UTOOLAULEECELS

2.1.1 MovOomAEXTIXA CUUTAEYLATA

Aedopévou evie nenepaouévou cuvéhou V., éva (apnpnuévo) povordextiké odunieyua ((ab-
stract) simplicial complex) oto oivoho V eivan pla suhhoyh A vnocuvérwy tou V' tétowa hote
n ouvixn F C G € A va cuvendyeton 6Tt F' € A (6Aa To LOVOTAEXTIXE OUUTAEYUATA OE QUTH
™) Srotpin Vo ebvon €€ unotéoewe nenepaouéva). Ta otoiyeio tou A xaholvton mAeupés (faces).
H didotaon pioc mhevpds F opileton we éva Arydtepo and tov mhndhixd aprdud tou cuvérou F.
H 6idotaon tou A eivon 1 péylotn didotaon tov thevpmy tou xat cupPolriletar pe dim(A). Ou
Thevpég Brdotaong 0 xou 1 xaholdvtar kopupés xon akués, avtiotoryo. Mia mhevpd Tou A 7 onola
elvor peYoTxh ©¢ mpog Tov eyxheloud xoheiton €dpa (facet). To olumheyuo A xoheitar ayvd
(pure) av bhec ot €dpeg Tou €yxouv TV (B didotaon. To olumheyua A xakefta flag av xdde
ehopytotxd un mheupd tou €yet 80o otowyela. To pepikds datetayuérvo obvolo twr mhevpdy (face
poset) F(A) evée govomhextinol oupnhéyuatoc A eivar 10 GUVORO TV 4N XEVOV TAEUPGOY TOU
A, UERIXDC DIOTETAYUEVO UE TN OYEON TOU EYUAEIGUOV.

To avoiktd dotpo (open star) sta(F') plac mhevpdc F' € A eivanr 1 cuAAOYT OhwV TwV TAEUPHY
tou A nou mepéyouvy v F. To link plag mhevpde F' € A elvon 10 unocOumheypa tou A mou
opiletar ¢ linka(F) = {GNF : G € A,F C G}. O mnepiopwopds (restriction) tou A oto
obvoho Vo C V elvan 1o unooumieypo Tou A mou anoteleiton amd Tig TAEUPES TOU TEPLEYOVTOL
oto Vp. 'Eotw Vi xa Va 800 Eéva petall toug, nenepacpéva obvora. H (uovomiektikij) odvdeon
((simplicial) join) A % Ag 800 culhoywv A; xat Ag utoouvohewv v Vi xou Va, avtiotorya,
elvon 1 oLARoYT) TV cUVOAWY NS Wopphc F1 U Fy, étou F € Ay xou Fy € Ay, H olvdeon
000 (1 TEPo0bTEP®VY) UOVOTAEXTIXGDY CUUTAEYUAdTWY efvan eniong povomhextixd ovunheypa. To
dataxtikd odumdeypa (order complex) [17, Evétnta 9.3] [62, Evétnta 3.8] evéc (nenepaouévou)

3



A Kegdalawo 2. Ewoaywyr]

Eyfua 2.1: ‘Eva yovomhextixd odumheyua xou 1 Bapuxevtpiny| unodlaipeot| Tou

HepIX®S dtateTaryPévou ouvéhou @ opiletal we T0 LOVOTAEXTIXG OUUTAEY A TwV ahuoidwy (0hixd
BIATETAYREVOY UTOGUVOA®Y) TOu Q.

Kdle povomhextixd obumheypo A éyel yewpetpikij vAonoinon (geometric realization) ||Al|
[17, Evéotnra 9], povodixd optouévr uéypet opotopoppiopol. ‘Olec ov tomoloyixés dibtnres 1
avorhoiwteg Tou A yia Ti¢ onoleg Va xdvouue Aoyo oy cuvéyeia Vo avapépovTol O QUTEG TOU
A [17, Evétnra 9.1]. Tha nopdderypa, Aépe 6Tt 1o A eivan povomdektik prdAa (simplicial ball)
av 1o ||A|| ebvor opotopoppixd pe undha. To otvopo (boundary) pioc povomhextixfic d-Sidototng
undhac A eivar to utoolurheypa OA tou anoteleiton and Oha 1o unoclvora Ty (d—1)-didotatwy
TAevpwv Tou A ot onoleg mepiéyovtan oe pla axpBie €8pa Tou A. Aéue eowtepikd (interior)
ou A 10 olvoho A OA xou eowtepikés mAevpés (internal faces) to otoryeio tou A 0A. H
olvdeomn dvo () neploooTépwY) LOVOTAEXTIXGOV UTUAGY efvan pio povomAex x| undho tng onofog
T0 €0WTEPXO Elval (00 PE TN GUVBEST] TWV ECWTEPIXWY AUTMY TV UTUAGY.

'Evag dAog tpbmog Yo va oploTel 1 évvola Tng “Undhag’ yiol To LHOVOTAEXTIXG CUUTAEY QAT
elvon ye ) ypron opddwy opohoylas. Eotw A éva yovomhextixd cvumieypo didotaong d — 1.
Aépe 6t to A ebvou pio opodoyikny ogaipa (homology sphere) (unepdvw evée owpatog k) av yua
xdde F' € A, ouunepthopPoavopévng xot e XEVAC TAEUPAS, EYOUUE

i (linka (F), k) = {k, av i = dim linka (F)

0, oA\,
6mou e H. (T, k) ouuBohiloupe tnv avnyuévn opdda oporoyiac tou T' e ouvtekeotée and to
k. Aépe 6T 10 A eivan yio opodoyikrj urdda (homology ball) (unepdve tou k) av undpye éva
vnoolumieyuo A tou A, tou xoheiton t0 olropo (boundary) tou A, étor doTe va 1oy HOLY Ta
axohovda: (o) to umocumheypa OA eivar pio (d — 2)-8idotatn opoloyxt ogaipa UTEPdVL TOU
k xou (B) v xdde F' € A, ovunepthaufovouévne xat g xevic TAELPAS, €Youpe

k, av F' ¢ OA xa i = dimlinka (F)

ﬁi(linkA(F)’k) - {0 aANLDC

To eowtepixd (interior) tou A opiletar we int(A) = A, av 1o A elvon ogohoyix ogoipa xat S
int(A) = A 9A, av 10 A eivor opohoyixr, undho. Av 1o A eivor oporoyixh pndha didotaong
d— 1, t6t€ 10 OA anotekeiton and Tic TAeUpé TV (d — 2)-BidoTatwy Theupdy Tou A Tou
nepléyovtar oe o axpt3we €dpa Tou A.

2.1.2 KuBuxd cupniéypata

YuuBoriloupe pe Cy to ouvhdn d-Bidotato x0Bo [0,1]¢ € RL Kdéde nohltono cuvduo-
otuxd wwépopyo pe 10 Cy xakelta owdvaotikds d-kUBos (combinatorial d-cube). Eva kuBikd
olumeyua (cubical complex) eivou pio nenepaocpévn ouhhoyh K ouvduaotixdv xiBwyv otov R?,
étoto ote (o) xdde mhevpd evée ototyeiov tou K va avixer eniong oto K xou (B) n topd
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Eyfua 2.2: 'Eva yovomhextixd odumheyua xou 1 aoteixy) unodiaipeor| Tou otny oxur F'

omolovdRnote dUo ototyelwy Tou K va elvon mheupd xon twv 80o. Ta otoyela tou K xoholvto
mAeupés (faces).

To pepikds hatetaypévo ovvolo twv mevpdv (face poset) F(K) tou xufixol cupnhéyuatog
K eivar 10 00VOAO TV TAEUPWY TOU, GUUTEPIAIUBAVOUEVNG XaL TNG XEVNC TAEURAS, UEQLXMS
dratetaypévo pe ) oyéon tou eyxheopol. To F(K) eivon évac meet-nuotvoepoc. Eyer o
ehdytoto ototyelo TNV eV TAeLpd xan we dtopa Tig xopuéc Tou K. Ta peylotind otoryeia tou
F(K) héyovton €dpes (facets). H tidoraon tou K, mou oupPoriletan ye dim(K), opileton we n
HEYIOTN BLAOTAOY TWV TAEUEWY TOU.

2.1.3 TYrnodiupéoelg

‘Eotw A éva povomhextixd olumieypa. Mia (torodoyikr)) povomdexnikrj vrodaipeon ((topo-
logical) simplicial subdivision) tov A [59, Evétnra 2] eivan évor povormhextind ovpmnheypo A’ pali
pe wio anexévion o @ A — A tétola dote va woybouy ta axdrovda Y xdde F € A: (a) 1o
oivoro AL == o7 1(2F) elvar éva unochurheypa tou A’ tou amotelel pia povomhextixd prdha
didotaone dim(F) xeu (B) to ecwtepixd tou Al etvan oo pe o 1(F). To vnoohumheypa Al
xohelton mepropouds (restriction) tou A’ oty F. H nhevpd 0(G) € A xoheitan popéag (support)
e G € A'. H vnoduwdpeon A’ xoheiton nuiyewpetpixnj (quasi-geometric) [59, Optoude 4.1 (a)]
av dev undpyouvy E € A’ xou F € A didotaong pixpdtepne and dim(E), tétoiec HGOTE 0 Qopéoc
x&e xopuphc tne E va nepiéyetan oty F. Emnhéov, n A’ xodeiton yewperpikij (geometric) [59,
Optopdc 4.1 (b)] av undpyer pla yewpetpxs, vhonoinon tou A’ 1 onofa var unodioupel YewpeTpXd
pla yewpetpxn vhonoinon tou A, 6nwe xadopiletar and ) 0. ‘Okeg ot yewuetpixés unodiouupéoeic
elvoll NUIYEDUETEIXES.

ITpoywpotue oty meprypapr 500 BUBEBOUEVOY TPOTWY UTOBIAPEOTS EVOS UOVOTAEXTIXOU
ovunAéypotoc A. To Batoaxtind cOUTAEYUO TOU PEPIXAOS BLATETAYUEVOU CUVOAOU TWV TAEUPWDY
F(A), nou ovuBohiletan pe sd(A), anotekeitar and g aAuoidec TV U XEVOY TAELEOY TOU
A. Avuté 1o odunmheyypa eivar e Quotohoyixd tpdéno pia (Yewpetpixn) povomhextixt| unodiaipeon
ou A, n Aeybuevn Papukevtpikn) vrodwipeon (barycentric subdivision), 6nou o @opéac uiog
ahvoidog C un xevdy mhevpdy tou A opileta we to péytoto otoyeio e C (BA. Eyfua 2.1).
Acdopévne plac mheupdc F' € A détoupe A’ = (A sta(F)) U ({v} * 9(2F) * linka (F)), 6mou
v ebvan plo véa xopugh mou mpootideton xon A(2F) = 2 F. To A’ eivor éva povomhextind
obumieyuo mou anotehel o povomhextinn vnodiaipeon Tou A xou xahelton aotpikn vrodaipeon
(stellar subdivision) touv A otqv F (BA. LyAua 2.2).

Trodétouvpe dtt A xou Ab efvar JOVORAEXTIXES UTOBLUPESELC TWY LOVOTAEXTIXMY CUUTAEY-
wdtwv Ay xou Ag, avtictoya. H olvdeon Al x Al eivon ye guotohoyixd tpéno pia povomhextixt
unoduwiipeon tou povomhextxol ouunAéypotoc Aq * Ag av oplooupe wg @opéa wlag TAEUpdS
E1 U Ey € Al « Al myv évwon tov gopéwyv twv E; € A xa Ey € Al Aedopévwv thevpdv
F) € Ay xou Fy € Ag, o nepropiopde tou Al * Al oty nhevpd Fy U Fy € Ay * Ag eivon {cog pe
(A1)p * (A2)p,.



6 Kegdalawo 2. Ewoaywyr]

Iyfua 2.3: ‘Eva xuPud oOpmheyupa xou 1 xuBuer Bapuxevtpur unodiaipesy tou

H évvowr tne oporoyxfic unodiaipeonc [6, Optoude 2.2] yevixeler Ty évvora Tne Tonohoyixic
unoduaipeong.

Optowdg 2.1.1. Eow A éva povomhextixd obumheypo. Mio (tenepoopévn, povomhextixt|)
opodoyikij vrodaipeon (homology subdivision) tou A (vnepdve tou k) elvon éva povomhextixd
obumheypa A’ pali pe pio anexévion o @ A’ — A tétow dote va woybouy o axdrovdo ya
x&de F € A: (0) to oOvoro AL = o71(2F) eivon éva umootprheyua tou A’ tou arotehet pio
opohoywh urdda (unepdve tou k) didotaone dim(F)- xou (B) to ecwtepixd tou Ay eivon (oo pe
o H(F).

O neploplode, o Qopéas, 1 YEWUETEIXN X 1 NUYEWUETEIXY untodialpean opilovTton dmwe xou
oty nepinTwor TNe Tomohoyixig unodialpeong.

Eve yio T govomhextixd cupnhéypata SGoaUe o YEVIXO oplopd tng umodiaipeong xat 5o
emmAéov mapadelyparta, otnv napovoa diatplfr Yo avagpeplolue uévo oe uio ouyxexpévn uno-
dadpeon Twv xUPxGV cupmheypdtwy. ‘Eotw K éva xuBud obumieyuo. H xufur Bapuxevtpwns
unodtaipeon sd.(K) tou K eivon 10 6Ovoho Ghwv TV un Xevodv xhelotodv dotnudtov [F, G|
o710 pepixde datetaypévo olvoro F(K) {D}, yepixde Satetaypévo pe tn oy€orn tou eYxAeL-
ouol. Me tov (810 tpéno opiletan xar 1 xuPBxr) Popuxevtpixy) UTOBLUPEST EVOS HOVOTAEXTIXOD
oupmhéypatog, PA. Evétnra 3.6. ‘Eyer anodeyyvel ([12, Evétnra 2.3]) xat otic Yo nepintdoer,
ot 1 xuPuer Popuxevtpixn utoduwipeo evdg cupmnhéypatog pall ye o xevd 6UVOAO anoteAolV To
pepas datetayuévo ohvoho TAevpdy evog xuPuol cuunhéyuatog. Xto Kegdhowo 5 Yo ovoud-
Coupe xufuxr Bapuxevtpwt unodadipeon tou K xa Yo cupPoriloupe pe sdo(K) autd to xuPixd
obumheypa (BA. Tyfua 2.3).

2.1.4 IToAvwvupa

Eoww p(x) = Y 1o akz”® = Zzzo apr® éva mohudvugo pe mpoypatixole cuvieheotéc. Oa

Mpe 6t 0 p(x) eivan povdrporo (unimodal) (xan b1 €xel LovéTEOTOUS CUVTENEGTES) AV UTIAPYEL
deixtne 0 < j < d tétolog wote a; < ajqy Yo 0 <i < j—1xwa; > aip yaj<i<d-1
'Evoc tétotog deixtne xaheiton kopugn (peak). Aépe 611 1o mtohudvupo p(z) eivon Aoyapidpuxd
xofdo (log-concave) av a? > a;—1a;41 Yo 1 < i < d—1 xou 611 éyel cowtepid pndevird (internal
zeros) av undpyouy deixteg 0 < i < j < k < d tétolol ote az,ar # 0 xou a; = 0. Oo Aéyue
61t 10 p(x) elvar ouppetpird (symmetric) (xan 6TL €yel GUUUETEXOUEC OUVTEAEOTES) oV UTdPYEL
axépatoc n > d t€T010¢ DOTE @5 = ap—; Y 0 < 4 < n. Xe auth v nepintwon opileta to
kévtpo ovupetpias (center of symmetry) tou p(x) xa eivon ioo pe n/2 (to xévtpo cupuetpiog
elvor xahd optopévo epbdoov 1o p(z) eivar un undevixo).

Oa Mye 61t 10 p(x) éyer pudvo mpaypatikés piles av Ohec or wryadixéc tou pilec eivon mpary-
partixol apdpol. Efvar yvwotéd (BA., yia nopdderypa, [58]) du av 1o p(z) éxer pbvo mpaypatixés
pilec xau un apvnTixolc ouvieheotés, tote 10 p(z) eivon hoyapriuxd xoiho xat povdtpono, ywpic
eowtepxd pndevixd. To axdhoudo Vedpnua, Tov anodeiydnxe npdta and tov Edrei [34], diver pia
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oty xou ovoryxodor cuvixn yia Vo €yel uovo mpayuatinég plleg €va TOAUGVUPO UE U apvnTixolg,
TPAYHATIXO0E CUVTEAEOTES.

Oswpnua 2.1.2. ([34]) Eotw p(z) = 45 apr® € R[z] éva nodvdrupo e ap > 0 ya kdde
k € N. Ay Oéoovue a, = 0 ya drovg tovg aprnrikols axépaiovs k, téte to p(x) éyer pdro
tpaypatikés pides av ka1 pdvo av kdde vroopilovoa tov kdrw tprywrikol nivaxa (a;—j)55_q €tvar
1N aprnuk.

‘Eva (un undevixd) ouppetpixd nohvavupo p(z) € Rz] unopel va ypagel (pe povadixd tpémo)

ot popYn
In/2]

ple) = (1—|—x)"fy<(1+x ) Z Yzt (1 4 )" (2.1.1)

Yiat xdmoto mohudvupo ¥(x) = oo viat. Aépe 611 to p(x) ebvor y-un aprnTid (y-nonnegative)
av y; > 0y xdde @ > 0. Eivar dueco 6t xdde y-pn apvitind mohudvupo eivar povétpono.
[ xAdoelg y-pn aevnTixedy ToAVeVOULY TTou eggaviovial a1 cUVBLACTIXY TUPATEUTOUUE TOV
avayvdot ota [21, 33, 50, 51] xou oTic avapopéc Toug.

2.1.5 Anrnopidunon nhevpwyv

‘Eotww A éva (d — 1)-8idotato povomhextxd obunheypo. LupPorilovye e fi(A) 1o mifdoc
TV -0ldoTatwy mhevp®y tou A, Mia deuehddne amoprduntiy avorloinwtn tou A eivar o
f-rodvdvupo (f-polynomial), nou opiletar weg

Pl = Zfi(A)xi-

To h-roAvdvupo (h-polynomial) tou A opileton we

d

h(A,z) = Zhi(A)ZICi = 1—xdé{z 1 (1_x)i,

1=0

6mov f_1(A) =1 € opopot. I ) onuacia twV A-TOAUGVIUGOY, 0 AVIYVOOTNG TOURUTEUTETAL
oo [60, Kegdhowo II]. T'io 1 o0vBeon A x Ay 500 povomhextixdv cuunheypdtwy €youue h(Aq *
A27 Z’) = h(Al, :B)h(AQ, :L’)

To tomxé h-Sidvuopoa plag povomhextixhc vroduipeons evée povonhéxou oplotnxe ato [59,
Optoude 2.1] we e€nhc.

Opiopog 2.1.3. 'Eotww V éva obvoro ye n otoyeior xou I' pla povomhextixny unoduiipeon tou
HovVOTAOXOU 2V. To rohvavupo Ly (I x) = by + b1z + - - - + L™ Tou opileton wg

ty(@,z) =Y (=)l hTp,2) (2.1.2)

FCVvV

elvor 0 Tomikd h-roAvdrupo (local h-polynomial) tou T' (w¢ npoc to V). H axoloudio £y (I') =
(Lo, b1, .., L) eivar to tomikd h-Bidvvoua (local h-vector) tou I' (we npoc to V).

To axdhoudo Yebpnua cuvodilet uepixéc and Tig xVpLeg WLOTNTES TWV TOTXWOY A-BlAVUCUATWY
(BA. HMapdderypa 2.3, Oewphpata 3.2, 3.3 xar 5.2 xau [Iépiopa 4.7 oo [59]). [a tov optopd e
xavovixfc vrodlaipeone mapanéunovye Tov avayvootn oto [59, Optopde 5.1].
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Oedhpnua 2.1.4. (Stanley [59])

(o) Ta xdde povordextixn vnodiaipean I' tov povorddiou 2V éyovue by = 0 ka1 6T, yian > 1,
o0 ap1udg ¢y etvar ioog e to Ao twy eowtepikwy Kopvpdy Tov L.

(B) Ia kde povomdextixij vrodaipean A’ evds ayvol povomdektikol ouumAéypatos A éxoupe

) = Y lp(Af, ) h(linka (F), z). (2.1.3)

FeA

(v) To womiké h-rodvavuvuo by (I, x) elvar ovupetpid ya kdle povomextikn vrodaipeon I’
tou povomAdikov 2V 1wodtvapa, éxovpe £; = £, _; y1a 0 < i < n, dnovn = |V|.

(8) To tomxd h-rokvdvupo by (I', x) éxea un aprnrikols ovrtedeotés ya kdde nuiyewpetpixj
povomAextixkn vrodaipeon I' tov povomAdicov 2V

/7 Y Z. Y3 4 Z &
(e) To tomikd h-roAvdvupo by (I, x) éyea povdtporovs ovvtedeotés ya kdde kavovikn povo-
mAextir} vnodaipeon T tov povorddrov 2V .

H ovypetpio tou 1omxo) h-toAuevigou pog odnYel GToV ENOUEVO OPIoUO.

Optowdg 2.1.5. ([6]) Aedouévne plac povomhextixfic unoduaipeorne I' evée (n — 1)-Sidotatou
wovomhéxou 2V 10 tomikd y-rodvévupo (local y-polynomial) &y (T, z) = & + &1z + - +
éLn/QJJJL"/QJ tou I' (¢ mpog 10 V) opileton povadixd and v eZicwon

n/2]
ty(D,z) = 1+x)" &y T, Yo Z &t (1 + z)" 2, (2.1.4)

H axolovdia &y (') = (£0,&1,- - -, &|ns2)) EVOL TO TOmIKG y-O1dvuopa (local y-vector) tou T' (¢
npog 10 V).

To axélovdo Muua eivar yEROWO Yiol TOV UTOAOYIOUO TOU TOTUXOU hA-TOAUWYUUOU Xl TOU
TOTUXOU Y-TOANUWYVOUOU LOVOTAEXTIXWY GUVOECEWY.

Adppa 2.1.6. Eotw V ka1 V' Eéva petald tous, nerepaouéva ovvola. Ia dres Tig povome-
ktikés vnodpéoas T tov 2V ka1 T' wov 2V éovpe Ly (D * IV, z) = Ly (T, z) by (I, z) kan
Svov (D« I, 2) = &v (T, z) & (I, ).

Anédaén. Eotw n = V| xau n' = |V'|. Xenowonowdvtac tnv Egicwon (2.1.2), unoloyiloupe
ot

ooy CxTa) = S0 30 (=) HFOFT (D 5 T e, )
FCV F'CV!
- Y X (T )
FCV F'CV!

= 3 Y (R, @) ()Y AT, 2)

FCV FICV!

= EV(F? :1:) by (F,7 .1’)
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Ané autd 1o anotéheopa xou v Egicwon (2.1.4) npoxinter 6t
Evuyr T T 2) = &y (T, z) & (T, ).
O
Avtiotoryeg amapriuntixéc avariolwteg oplCovtar xar yia o xuPixd cupmiéypota. ‘Eotw K

éva (d — 1)-didotato xuPixd obumheypo. LvpPoriloupe pe fi(K) 1o nhfdoc wwv i-didotatwy
mhevpwy tou K. To mohuwvupo

d—1

f(K,z) = Z{m o

1=0

Aéyeton f-modvdvupo (f-polynomial) tou K xou to Sidvuopa f(K) = (fo(K), f1(K),..., fi—1(K))
f-6udvvoua (f-vector) tou K.

To Bpaxt kuBiké h-todvdvupo (short cubical h-polynomial) tou K opileton oto [1] uéow
¢ e€lowong

U
—_

d—
WO (K, 7) = S H () @' = Z{AK)(%)J’@ — a1, (2.1.5)

[y

i j=0

Il
o
<

To ddvuopa h5)(K) = (hésc) (K), h(lsc)(K), . ,hfls_c)l(K)) TWV GUVTEAECTOY AUTOV TOU TO-
Avwvipou Myeta Bpayd kufiké h-tidvvopa (short cubical h-vector) tou K.
To mohudvupa f(K, x) xou h5) (K, x) ouoyetilovion yéow 10v eEiobdoewy

WK 7) = (1 - o) KT

- (2.1.6)

pdeds
T

2d—1 K — ) d—1 h(sc) K
f.a) = (@+2) s

(2.1.7)

Katd ouvénea, ot suvtetaypévee tou f(K) unopolv va exppaotoly GUVIPTHOEL TRV avTiGTOL WY
t0u A5 (K) % avtiotpoga péow 10v eEiodoewy

fi(K) = 2—12{3 :i:; h(K) (21.8)
=0
pidei] :
BEO(K) = 2{2:1:5 (=1)"997 f;(K). (2.1.9)
=0

To (paxpt) kupicé h-tudvvoua ((long) cubical h-vector) hl9(K) = (hgc)(K),hgc)(K),
..,h((f)(K)) tou K opiletar 670 [1] péow tou avaywytxol tonou

WK = h(K) + B (K), ya0<i<d—1 (2.1.10)

xou TNV apy ) cuviixn héc) (K) = 2971, To nohudvupo

d

HOK,2) = 37 {ﬁ»”(K) i

=0
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Aeyeta (paxpl) kupikd h-rolvdvupo ((long) cubical h-polynomial) tou K.
To Bpayh xou 1o paxpd xuBixd h-toluwvupo tou K cuoyetiCovia yéow tne e&lowong

(14 2)h9(K,z) = 297 + 2 hEI(K, 2) + 2%~ (—2)P T ((K), (2.1.11)

6Tou

d—1
XMK) = =14 (1) fi(K) = =1+ f(K,-1)
1=0

etvon 1) aviypévn yopaxtneiotixd) tou Euler yia 1o K. Ot cuvtetaypéveg tou hl9 (K) exppdloviu
ouvapTthoel Twv avtiotoywy tou A9 (K) yéow tne ekiowaone

i—1
RO (K) = Y (-1 (k) + (172, 1<i<d (2.1.12)
§=0

Ta xufixd h-draviopata tou K pmopolyv eniong va ex@eaoTtoldy CUVIPTACEL TV LOVOTAEXTIXWY
h-Siavuopdtov v links twv xopupdv tou K (awtd ta links efvar povomhextind ougmiéypota):
BA. [1, Oewprnua 9].

2.2 Xpnvn

O1 avayvédoteg ov dev eivan eZotxetwuévol pe ta ouothpata pilodv, topanéunovtor oto [19,
38, 44]. 'Eotw @ éva nenepaopévo chotnua plldv téine n, epodiaopévo ue éva anhd chotnua
II = {a; : i € I}, 6mou I eivan éva ohvoho detdv pe n otowyeia, xou avtiotoryo Yetind ohotnua
Pt. Ofétoupe P>_q := & U (—II). T J C I, 10 ohvndec mapofBorixd vrociotnua pildv
®; xhnpovopel to enaybpevo Yetixd olotnua T = T N & %o 1o aviictolyo anhé cloTnua
HJ={(Xi:i€J}.

To oUumdeyua ounvdv (cluster complex) A(P®) ewhydn and touc Fomin xu Zelevinsky
0710 TAAIo10 TV ahyeRpix@Y Y-ouotnudtwy [40]. Eivar éva agnenuévo povomhextixd obunheypo
010 aOvoho xopupwy P>_1. ‘Otav 10 ¢ eivar xpuotadloypapixd, n cuvdvaotixr tou A(P)
xwOxonotel I evalhayés ounvody oty avtiotolyn GAYeBpa ounvedy tenepaouévou tomou [39].
Mia nepihnmuind) avopopd Yia To CUUTAEYUATE OUNVAOY Xal TN oUVOIESY Toug pe Tic dhyefpeg
ounvéy undpyet oo [38]. Ot mhevpéc tou A(P) elvan ta 6Uvoha mou anoteholvton and aporBaing
ovuPatd ototyeia Tou P>_1, 6nou N cupPatdtnra eivon wla cupueTexr duerrc oyéor oto P>_g
nou opileton oto [40, Evétnra 3. Ilopanéunovpe tov avayvaotn ot [40] [38, Evétnra 4.3]
yioo Tov axpiBn optopd g ouuBatétntoag xar cUAAEYoUUE oTny axdiouly mpdtaoy TIC WBLOTNTES
tou A(®) xou tou TEpopiopol tou AL (P) oto chvoro xopugdy DT mou elvar ypRowes yia
v napoloa datph. To wépoc (ii) efumaxoveton oto [40, Evétnra 3] (BA. Afupa 3.12 xou
v anéden tou Oewphuatoc 1.10 oto Bio dpdpo) xou [20, Evétnra 8]. Ta unbhoina uéen
TpoxVNTOLY dueca and to anotehéopata tou [40, Evétnta 3].

IMpétaon 2.2.1. (i) To olumkeyua ounvdv A(®) elvar pia (n — 1)-0idotarn povomdektikij
opaipa.

(ii) To ovumdeyua Ay (P) elvar pia (n — 1)-0idotatn povomdektikij undia.
(iii) I'a J C I éoupe linkag)(—1L;) = A(D).

iv) Ia J C I, o nepiopiojds tov oto alvoro kopupdv (P y)>_1 €lvai {oog e J) Kai
iv) Ina J C I propropés tov A(P vodo kopvewy (P r)> ivar ioog e A(P
0 mepropropds Tov Ay () oo alvolo kopugdy @ efvar foog pe Ay (D).
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Eyfua 2.4: H vnoduwipeon opnvov tomou Az

(v) Av to @ elvar éva ev0 ywiduevo @1 x Oy ovotnudrowr pildv, téte A(P) = A(P1) * A(Do)
Kai A+(q)) = A-i—(@l) * A+((I)2)

To olumheypua Ay (P) €yer ) dopn wlag (yewuetpxhc) povomhextixrc unodiaipeons tou
wovomhéxou 2! 610 olivoro xopupdy 1. Oo avagepbuucte oe auth TNV UTodlalpEon WS TNV
vrodwaipeon ounrdy (cluster subdivision) nov oyetiCeton ye o ® xar Yo ) ovyBorilovye pe
L(®). Acdopévne plag detindc pilac o € T, undpyer éva povadixd oivoho J C I tétoo dote
N a va elvon Yetinde ypouunods cuvduaouds twv ototyeinv tou I1;. Opllouue wg 10 gopéa tng
a 1o Iy xa yio E € A (D), opiloupe v o(E) v évwon tov gopény tov ototyeiny e E.
Ioodivaya, 10 o(E) elva to wxpdtepo olvoro Iy C II tét010 dote va oylet a € ®F yia xdie
a e E.

Mpétacy 2.2.2. H araxdévion o : Ay (®) — 21 opila pia povomdextixn vrodaipeon T'(®)
tou povorAdiov 21, tne omofag to tomikd h-roAvdvupo divetar and Ty ekiowon

(((@),2) = > {—D” T (A (), 7).

JCI

Anddatn. Apxel va deygdel 6t yia x80e J C It (o) 10 o~ 1(2M7) eivan éva uroohumeypa tou
A (®) 70 omolo etvon opotopopexd pe urdha ddotaone |J|—1- (B) to o~ H(I1,) etvar 0 ecwTERIXS
authc e wrdhac xon (v) o t(2W) = A (@), Tlpdypat:, to (o) xu o (B) empBefaurdvouv
6t 1 o opile plo povomhextin unodlaipeon tou wovomhéxou 2 xau 1o () emBeBorcdver 6t o
neploplopbc authc tne umodialpeone otny Theupd Iy tou 2 efvar ioc pe A4 (@), H eliowon
elvan ouvénela g TeAeutalag mpdtaong xar tou Oplopot 2.1.3.

To yépoc (y) elvou emoxdrouvdo touv optopol tne anetxévione o xar e Ipbdtaone 2.2.1 (iv)
xou 10 pépog (a) etvon enaxdhouvdo tou (y) xa tne Ipbdtaone 2.2.1 (ii). T va emPefoucdoovye to
(B), umopolype va unodéoouype 6t J = I. Ipéner va deifouyue 61t T0 6hvopo tou A (D) eivan {co
He TV évoon tov utoouurnheyudtwy AL (D), 6nou 1o J naipver Tipéc oo Yvroia utooUvola
tou I. Ioodhvapa, apxel va dewydel bt pio (n — 2)-didotatn mhevpd E tou Ay (P) nepiéyetan o€
o povadxt| €dpat tou Ay (@) av xaw uévo av E € AL (D) yio xdnowo obvoro J C T ye n —1
ototyeto. Autd eivon ouvéneta tov (i) xou (iii) e Hpbdtaone 2.2.1. Hpdypatt, to (i) cuvendyeta
6t M mhevpd E nepiéyeton oe dvo axpBde €dpec tou A(®). To (iil) ouvendyetar 61t 0 mOAD piat
and autée neptéyet wla apvntixd anhi pilo xou autd ouvuBaiver av xou uévo av n E € AL (D) v
xdmoto cOvolo J C I ye n — 1 otouyela. O
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To h-rohuwvugo tov Ay (P) embdéyetan Sdpopes ouvduaotxée epunveies [7, Hoplopata 7.4
xou 7.5] [11, Iépropa 1.4 xon Oedpnuo 1.5] e ) yphon dratoxtixdv 1Bewddy plldy, TEPLOYWY
UTEPETITES WY, TROYIOY ouddwy Weyl ot nenepaoyévous 16poug, onpeiny TAEYUST®Y Xat un dio-
otaupoluevwy dapepicewv. Troloyiotnxe enaxpBde yior Ghat to avdywyo (xpuoTtadhoypapixd)
ovotAuata ptlodv oto [11, Evétnta 6]. To axdhouvdo anotéheopa Yo yenowonomiel otny Evé-
o 4.5 v va unoloyioouye to 8e&i uéhog tng e&lowong mou diveton oty Ilpdtoon 2.2.2.

Adppo 2.2.3. ([11, IIpbtaon 6.1]) Ia to h-rodvdrupo tov Ay (P) éxovue

av X = A,

av X =B,

n—1 :
', av X = Dy,

omov X efvar o timog Cartar-Killing tov ®.

IMopdderypa 2.2.4. To oOumheypo Ay (P) xou 1 unodiadpeor ounvov I'(P) yia 1o obotnua
pilledv @ tomov Az amewxovilovton oto Tydua 2.4. Ov ankéc pilec aj, ag, az apduidnxay pe
T€T0l0 TPOTO €10l KOTE 1) (1 Vo ebvan opdoywvia 0Ty a3.

H vrodiipeon I'(®) tprywvorotel 10 dididotato povémhoxo 2! oe névte dididotata povémho-
xa, to onofa efvon ot €dpec tov AL (P). Trdpyer pio eowtepixhy xopuph, N a1 + az + az. Ot
Qopeic Twv a1 + e xar ag + as eivan {oot pe {aq, as} xar {ag, az}, avtictoya. O nepropioude
e T(®) oty mhevpd {a1, as} tou 2! elvan pla urodiaipeon Tou povodidoTtatou wovorhdxou pe
pla eowTepXY) X0RUPT, TNV a1 + Qa.

IMopathenon 2.2.5. To olumheypo ounvey, xot xotd cuVETEl 1 ovtioTtolyn umodiaipeoT
ounvov, opiletar yia xdde npocavatohioud tou drypdupatoc Dynkin tou @- Bh. [47] [52, Evéotn-
o 7). To cOumheypo ounvedv tov [40] [38, Evémta 4.3], mou mpaypateudpoote €8, avtiotouyel
010V EVAANAGTOUEVO Tpocavatohopd. Lopgwva ye v [47, Ilpdtaon 3.4] (Bh. enione [52, IIpb-
toon 7.3]) xou 1o anotedéopata ot [47, Evétmnta 6], to h-didvuopa tou detixol pépouc Tou
OUUTAEYUOTOS OUNVOY %ot Tou ToTxol A-Slaviopatog Tng avtiotolyng Umodlalpeong ounvey dev
e€APTAOVTOL UG TOV EXACTOTE TEOCUVATOACUO.

Ohoxhnpdvoupe auth Ty evotnta pe to axdrovdo Muua, tou Yo yenowonomdel otny and-
deén tou Iloplopatoc 4.1.3.

Adppa 2.2.6. Av o @ elvar éva evdV ywiduevo @1 x Oy ovotnudrwr pildv, téte I'(P) =

Anddaén. To Myypa mpoxintet and v Hpdtaon 2.2.1 (v) xat toug optopolc tne unodaipeone
oUNVGY xat g oOVBESNE 500 HOVOTAEXTIXWY UTOOLONPETEWY. O
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2.3 Amnapldunon Metadéoewv

Mia pevdeon (permutation) evog nenepacuévou ouvolou S eivon pla aUGILOVOCHUYTY ANEL-
x6vion w : S — 5. BuyuPBohrilovye pe G(S) 10 0vvoro Shwv TV petadéoewy tou S xou YéToupe

S, = 6([n]). Eotw 61t 10 odvoho S = {ay, a9, ...,an} €xer n otoryeio, o onofa efvar ohxde
drateTaypéva we ag < ag < -+ < an. Mia yetdeon w € &(S) unopel va napaotadel wg N
axohovdio (w(ay),w(az),...,wlay)), f wc N ME w(ar)w(ag) - wlay), H wc yvouevo Zévov

avd 800 xixhwy [62, Evétnra 1.3]. H ouriing poperi ywopévov klkdwr (standard disjoint cycle
notation) opileton anoutwvtog (o) xdde xOxhog va eivon ypouuévoc Ue to ueyohitepo (wg npog
v ohixt| didtadn <) otoryeio Tou mpdTo xou (B) ot xvxAot va eivar ypaupévor ot adZouoa oelpd
(¢ mpoc T =) 1oL TPWTOU (SN, peyulldtepou) otowyeiou Toug [62, oel. 23).

Aedopévne plag petddeonc w € &(S), évag deixtne a € S xakeitan vrépBaon (excedance) g
w (w¢ mpog ™ =) av w(a) > a xou avtioctpoyn vrépPaon (inverse excedance) av w(a) < a. O
deixtne a; € S xoheiton kddodos (descent) (avtiotowya, dvodos (ascent)) e w av i € [n—1] xau
w(a;) > w(aiy1) (avtiotorya, w(a;) < w(ait1)). Oétoupe w(ag) < w(a;) < w(aps1) Yo 6Aa To
1 <@ < n. Mia A1) kdBobos (double descent) g w eivon évag deixtng a; ye 1 < i < n tétolog
oote w(ai—1) > w(a;) > w(aiy1) wlo oA vrépPaon (double excedance) tne w eivon €vag
deixtne 1 < a < n tét010¢ Gote w(a) = a = w(a). Eva avodikd tunfua (ascending run) tne
w ebvon pla peytotoer acohovdia {i,7 + 1,...,7}, o wote w(a;) < wlaiyr) < -+ < w(ay).
‘Eva ané apotepd mpog debid péyoro (left to right mazimum) e w eivon évag deixtng a; pe
1 < j < n téroog dote w(a;) < w(aj) yio dha ta 1 < < 5.

To niidoc twv urepBdoewy (avtiotorya, avticTpopwy unepBdocwy, xa)ddwy B avddwY) TNe
w VYo ovyBohileton pe exc(w) (avtiotoya, iexc(w), des(w) A asc(w)). To n-ooté moAvdruuo
Euler tomov A [62, Evétnta 1.4] opileton and touc tHnoug

An(l’) — Z xexc(w) — Z iexc(w) __ Z xdes w) __ Zs{xasc(w)‘ (2.3'1)

weB(S) weS( weG(S) weS(

Moogavae, autd ta adpolopota e€apT@VTOL U6Vo Tov apidud 1 xou Oyt amd 10 S 1) TNV €TAOYH
¢ ohrc Brdtagng <.

Or mponyoluevor oplopol toybouv eldixdtepa yia T ouppetexf opddo &, (ue ™ ouviin
emhoyt, e ddtadne < mov mpoximter Yétoviag a; = i Yo 1 < i < n). Ou cvyBoriloupe
pe Dy, 10 obvolo twv petadéoeny w ywpic otadepd onueio (dnhady|, ywelc deixtec @ ye v
widtnta w(i) = i) oty &,. To moAvdrupo petadéoecwr xwpic otalepd onueia (derangement
polynomial) optleton and tov T0n0

weD

dp(z) = Z{xexc(w). (2.3.2)

To nohudvupo autd, to onofo pekethdnxe mpwta and tov Brenti [22] oto mhaico wwv ouyye-
TPV ouvapTHoEwY, Exel dldgopes alldhoyeg Wiotntee. o mapdderypo, €xel GURPETEIXOUS Xou
povétponoug ouvieheotés, 6nwe avapépetar oty Evémta 3.2 (Bh. eniong [22] [56, Evétnta 5]
[63]) xou pévo mpaypatxéc pilec [66]. Mnopel enione va exppaotel we [22]

= Y (- Z Ap(). (2.3.3)
k=0

2.3.1 Ilpoonpaocuéveg petadéoelg

I toug oxomole e SatpiBhic authc, elvor xatahAnhotepo va oplooupe pla mpoonuaciérn
petddeon (signed permutation) tou [n] we v emhoyh evég untoouvohou S = {ai,ag,...,an}
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tou {2, téro0 ote a; € {i,—i} yia 1 < i < n xou plag yetddeone w € &(S). Ou avo-
ToploTolpe io Tétoto petdieon w wg Ty axohoudia (w(ar), w(az),...,w(ay)), 1 oc ™ AN
w(ar)w(az) - - wlay), f o< yvouevo Zévov avd 800 xOxhwy. Oo poc Qavel yprotwo vo oploovye
™0 oLVR N pop®T YIVOREVOU X0OXAWY TG W YENOWOTOLOVTAS TNV oAy didtaln oto S mou eiva
1 avtioTpo@n aUTAC Tou xAnpovoueiton and TN Quotxl| okixy ddtaln oto Z. Toloutotpdnwg, ot
x0xhot TNg w Yo YpdpovTon YE TO MIKPOTEPO GTOLYED TOUG TPWTO X o @iivouoa celpd Tou Wi-
xpbTEPOL oTolyElou Toug. Oa héue btL N w eivon petdieon xwpis otatepd onueia (derangement)
av dev undpyet a € SN [n] oo dote w(a) = a. Oa cupPorilovpe e By 10 6OVOhO OhwY TwV
rpoonuacuévey petadéoewy tou [n] xot ue DB 10 ohvoro bhwv Twv petadéocwy ywpic otodepd
onpeia oto By,.

Aedopévng pioc petddeonc w € By, Mye 61 o deixtne i € {0,1,...,n — 1} eivar B-kdBodog
(B-descent) (avtiotorya, B-dvodos (B-ascent)) tne w av w(a;) > w(ait+1) (avtiotoya, w(a;) <
w(ait1)), 6mov w(ag) = 0 €€ opopol. To n-0616 moAvdrupo Euler timov B [23, Evétnta 3]
umopel vo oploTel w¢

Buz) = 3 aten0) = Y fprsentv) (2.3.4)

we By, wWE By,

émou pe desp(w) ovuBohiloupe 1o mhfdoc twv B-xo6dwv xar e ascg(w) to nhidog twv B-
avédwy e w € By,. Yiugwva ye tov Brenti [23, oek. 431], Mue 611 0 deixtng a € S ebvan
B-unépBaon (B-excedance) e w av w(a) > a, av —a € [n] xou w(a) = a. Aépe 6t o deixtng
a € S elva avtiotpogn B-vnépPaon (inverse B-excedance) tne w av w(a) < a, f av —a € [n]
xu w(a) = a. To nhidoc twv B-unepBdoewy e w Yo ouuBoliletar pe excp(w) xar TwV
avtiotpogwy B-unepBdoewy e iexcp(w). Me autolc toug ougBoliopolc, éyoupe iexcp(w) =
excp(w™1) xon (BA. Oedpnpa 3.15 xu Mbpiopa 3.16 oto [23])

Bu(z) = 3 [eor®), (2.3.5)
we By,

Y10 Kegdhowo 3 Va aoyohniolue xatd x6p0v Ue €va QUOLOAOYIXS avahoYO TOU TOAUWVOPOU
dp(x) Yooty vnepoxtaedpixf opdda By, tou etofydn xou peketidnxe avedptnta and toug Chen,
Tang xou Zhao [31] ot and tov Chow [32]. Opileton and tov t0n0

Gl = 3| g=e (2.3.6)

weD

xou xaheitan ToAvdrupo petadéoecwr xwpis otalepd onpeia tinov B (derangement polynomial of
type B). Agol excp(w) = iexcp(w™1) xou n anewdvion tou aviiotoryel pic petddeon w € &(9)
otnv avtiotpop? g w! endyer éva autopop@iopd oto olivoro B, mou diotnpel o otadepd

omnuela, €youpe
Baa) = Y {u

we By
pidei]
di(z) = > [ai=sl), (2.3.7)

weD

[Ma napépotoug héyoue, 1 (2.3.2) e€oxoloudel va toylel dtav to oOuBoho exc avuxataotadel pe
10 oVufolo iexc.

To mohudvugo dB(x) éyer tic nepiocdtepec and Tic xVpieg WLéTNTEC T0U dyy (7). Tior mopd-
derypa, éyer wévo mpaypatixés pilec 31, 32], xou xatd ouvéneia €yer povotpomous (ahhd Gy
OUUUETPIXOUS) OUVTEAEGTES, XOUl IXAVOTIOLEL TNV avdhoyT) oyéon

n
dB(r) =Y {—1)"—’c Z By(z) (2.3.8)

k=0
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S N\A L A

1 2 3 4 5 6 7 8 9
Tyfua 2.5: H pn draotavpotuevn dwpépon {{1,5,6}, {2,4}, {3}, {7}, {8,9}}

™me (2.3.3).

2.4 Mn SwaocTavpoueveg diapepiostg

Avtn 1 evémta cuvoliler Tic évvoleg xau T anoteAéopata and T Vewplo TwV un dlacTow-
poluevwy diapepioewy mou eupaviCovtar oto Kegdhoto 4.

To olvolo twv un dotavpoluevwr diapepiovewy (noncrossing partitions) tou {1,2,...,n},
mou Yo supBohiloupe pe NCA(n), ewofydn xou pehethdnxe and tov Kreweras [45]. Anotekeiton
and 6heg Tic dapepioeic m tou ouvéhou {1,2,...,n} e v axdhoudn Wbt ava < b<c<d
elvar T€tolol OOoTE va Loy Vel OTL oL a, ¢ TepLEyovTal ot éva uépog B tng m xou ot b, d mepiéyovian
ot éva pépoc B’ e w, t61€ B = B’. 'Eva napdderypa pn Sactavpoluevne duéplone yio
n = 9 anewxoviletar oto Uynua 2.5. Meta€l dhhwv depehiododyv anoteheoudtwy, o Kreweras
[45, Evétnta 4] anédeife 61t o mindide apriuée tou NCA(n) ebvan ioog pe tov n-0016 aprdud
L (™) xou 6m

Catalan +i\n

Yoo el = zn: L non=1 (2.4.1)
Ay
7eNCA(n) 1=0

émovu ye |7| ouuPBohiilouype to TARlog TV YEP®Y TN 7.

Ou Mue 6T éva pépoc ue éva ototyeio {b} tng ™ € NCA(n) eivor eppwrevpuévo (nested)
av undpyet u€pog TN T mou mepLéyel apriuolc a xou ¢ TEToug WoTE a < b < ¢ BLaPOoPETIXG
o hépe 6t to {b} eivon un eppwievuévo (nonnested). Yto mopdderypo tou Lyfuatog 2.5 to
uépoc {3} ebvar epgoheupévo, evdr 10 {7} dev ebvar. Tpogavde, wla dopépion m € NCA(n) pe
un eppwieupévo pépoc pe éva otowyeio {b} xadopileton TAfpwe and Toug TEPIOPIOUOUS TG OTA
{1,2,...,b—1} xu {b+1,...,n}, ot onolot eivou eniong un dractawpolueves dwpepioeic.

O un daotaupotueves dapepioets Tomou B oplotnxay and tov Reiner [53] w¢ axolotdwc.
Mia Srapépton m tou cuvéhou {1,2,... . nU{—-1,-2,...,—n} Ayetu By-diauépion av 1oybouv
oL axdhouvdec ouviixec: (o) av to B eivon yépog e m, 161 10 —B (10 6Uvoho mOU mpoxVTTEL
alhdlovtag to Tpdonua Twv ototyeiwy tou B) elvar eniong pépoc e m xou (B) umdpyet o
ToAD éva pépoc e m (movu, av undpyet, Aéyetar undevikd pépos (zero block)) to omofo Yy
x&e otowyeio tou, i, nepiéyel xar 10 —i. H oymuoatixd avanapdotaon piag tétotag dapéptong [3,
Evétnta 2] nepiéyet toug axépatoug 1,2,...,n,—1,—2,...,—n (ue auth tn oelpd) o€ pia ypouun
xou TOEA MAvew amd TN Yeouur UETHED TwV ¢ xou j OmOTE oL ¢ xou j avixouv oto (Bio uépoc B
NG T xaL xavéva dhho oTotyelo Tou B dev umdpyel avdpeod toug. H B,-diopépion m Aéyetan
pn deotavpolpern (noncrossing) av dev UTdEYOLY TOZA TOU VO BLHCTAVPOVOVTOL O AUTH TN
oynuatixy avanapdotaoy. Lto Uyhue 2.6 ancixoviCeton éva napdderyua yia n = 7. To abvolo
TV U1 dotaupoluevey By-Siapespicewy Yo ouyBoriletar ue NCB(n).

Mog evdiagépet 1 anapidunon un dotavpoluevey By,-duepioewy ywplc undevixd pépog, wg
1pog 10 Thfloc twv pepdv touc. To axdhoudo Muua mpoxinter dueoa and to [8, Afupa 4.4],
6nwe emonuaivetar xou oty anddelln tou Oewpriuatoc 7.2 oto [54]. Evalhoxtixd, n anddelr
TOU TPOXUTTEL EUXOAA and aut Tou [3, Oedpnua 2.3].
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3"- k . « 4 ‘ . f . . '\"h \\( \h .
1 2 3 4 5 6 71 -1 =2 -3 -4 -5 -6 -7

Eyfua 2.6: Mia un Swrotavpoluevy Br-dapépton

Afppa 2.4.1. To mhijdlog twr dauepiocwr 1 € NCE(n) o1 onoles Sev éxovr underid pépog
Kkar éyovr auvolikd k Lebyn un undevikdv pepdv etvar ivo e zj ;

Anddaén. H anddeiEn tou [3, Oedpnua 2.3] deiyver 61t o dapepioeic 7 € NCH(n) nou dev
€youv pndevixd pépog xar €youv ouvohxd k Cebyn un pndevixwy pep®yv civon oe éva mpog éva
avtototyio pe to Levyn (S, f), 6mou 10 S elvon éva unoshvoro tou {1,2,...,n} pe k otouyeio
xaun f:S — {1,2,...} eivon pla anewdvion e omolog ot tipéc adpoilovy oto n. Egbdoov
undpyouv | Ttedémol va emheyel o S xou, yia xdde tétoia emhoyy, undpyouv Z:i TPOTOL VAL
emkeyel v f, To anotéheoya Enetan. O

Oua Mpe bt éva pépoc pe éva ototyeio {b} e m € NCB(n) evor eppwrevpéro (nested)
oV UTAEYEL UEPOG TNG T MoV TEPLEYEL €va oTotyelo mou mponyeiton xou éva mou €meton Tou b oty
yoopwxn dwdtadn 1,2,...,n,—1,-2,..., —n" dgopetixd Va hye nwe 1o {b} elvor un eppo-
Aevuévo (nonnested). 3to napdderypa tou LyRuatoc 2.6 undpyet TO YN ELPWAEUUEVO WEPOC UE
éva Yetxd otoyelo {3} xou to eppwlevpévo pépoc pe éva Yetind otoryeio {7} Mia Srapépton
7 € NCB(n) ue un epgporevpévo pépoc pe éva Yetind atowyeio {b} xadopileton mhfipws amd toug
neptoptopole e ota {1,2,...,0— 1} xou {b+1,...,n}U{-b—1,...,—n}, ot onolot eivar pn
draotawpolueves Sapeploel tonou A xou B, avtictorya.



Kepdiowo 3

IToAvwvLuo pETAVECEWY
Ywelc otadepd onueior xou
BApUKEVTPIXES UTTOOLAULPETELS

3.1 Ewoaywyn xo anoteAécuata

To xe@dhouo autd €QELVA TN OYECT XATOUWY PUPUXEVTEIXWY UTOBIUPECEWY UE TA TOAUWVUUAL
petatéoewy ywpic otadepd onueion. Méow autol Tou CUOYETIOUOD, AMOBELXVIETOL 1) Y-U1) APV TL-
AOTNTA TWY TOTUXOY A-TOAWVOUOY TwV BUpUXEVTRIX®OY UTOBIULPECEWY TTOU UEAETOVUE, %ot xo
GyvwoTeg | YVWoTéS - ahhd e véeg amodelEelg - IBOTNTES YIol TO TOAUWYLIO PETHIETEWY Ywpic
otaepd onuelo xar To Tohuwyuuo Euler timov B.

‘Eotw V éva alvoho pe n otoiyeio. Xpnowonowvtag tny epunveia tou tohuwvipou Euler
TOou A ¢ 10 h-tohu®vuUo NS PapuxeVTELxg UTOBLIIPESTC TOU LOVOTAOXOU, ATOdEIXVVETAL OTL
(BA. [59, Hpbtaoy 2.4])

by(sd(2Y),z) = dn(z). (3.1.1)

To oaxbéhovdo Vedpnua divel avdhoyes ouvdLAoTIXES EpuNVEiES Yit TO avTioTOLYO TOTIXO -
TOAUGDYUUO.

Oewpnpe 3.1.1. Av (§0,&1,---,&|n/2)) €var To tomiKkd y-Gidvvopa TS fapukevTpikis vro-

daipeons sd(2V) wov (n — 1)-Brdatarov povomAdiov 2V, tdte 0 apiiuds &; efvar {oog e kdde éva
ard ta akérovda:

(i) to mAnlog twy petadéocwv w € S, pe i avodikd tunpuata kar kavéva avodikd tunua
pnKous €va,

(i) to mAndog twy petaléoecwr w € Dy, xwpls otalepd onueia pe i vrepPdoes kar kapia Otk
vrépPaon,

(i) o mA1jlog twr petatéoewr w € &, pe i kadédovs kar kapla GimAn kddodo, ya Tis omoles
wyve ot kde and apiotepd mpog 6ebid péyoto tng w elvar kdodog.

Exbicdrepa, wyter 6t & > 0 ya wdde 0 < i < |n/2].

I tic TpwTeg TIPES TOU N €YOLYE:

17
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! av n=2,3

+ 522, av n=4
[n/2] + 1822, av n=>5
Z &zt = + 4722 + 6123, av n==~6
=4 + 10822 + 47923, av n="7

+ 23322 + 241423 + 13852%, av n=28
+ 48622 + 99703 + 19028z%, ov n =9,

\

Me 1o Oewpnua 3.1.1 diveton Mo cuVBULACTIXN ATOBEIEN Yo TH LOVOTEOTIN TOU TOAUGVOUOU
dp(x) xou étor anavtdron pla epdtnon tou Brenti [22]- BA. Hapatipnon 3.2.1. Emnpboiera,
ouUTEPAVOUNE OTL Yiar DEBOPEVO N, To dlpoloua TwY cuviekeotwy §; elvar (oo pe to TARdog TV
petadéoeny oty &, ywpic avodxd tuhuata uhixous éva. Téroec petadéoeic perethdnxay (o
éva o yevixd mhaioto) xau anaprduidnxay and tov Gessel [42, Kegdhowo 5).

‘Onwe damotdoaye yetd ) dnpooicuon tou dpdpou [9], To Oedpnua 3.1.1 (iii) npoxdntel
aveldptnta xou and to [56, Oewpnua 7.3]. Méypt tne napolous otiypnc, 1 anddeln tou Vewpi-
potog autol dev €yel eupaviotel ot Pi3hoypagio. H pn apvntixdtnta twv aprduny & npoxintel
xou and TO YEYOVOS 6Tt o ToAUGVUPA dy () (elvan ouppetpixd xon) éxouv uévo mpaypatinés pilec
[66]. Evolhaxtixd, mpoxdnter xar ond v [6, Ilpbtaon 6.1], 6mou anodewvieton 1 un apvnti-
x0TNTAL Tou om0 Y-Blaviouatog yio Ty owoyévela flag povomhextixdy unodupécewy mou
TEOXVOTTOUY A TNV TETPWPEVT UTOBLIipEST UECE DLABOYIXWY O TEIXWY UTOBIUPECEWY OF AXUEC.

Treviuyuilouye 6Tt 10 QuoIOAOYIXS avdhoYo ToU dy () Yia TNV UTEpoxTaEdpPIXY Oodda By, Twv
npoonuaouévey uetadéoewy oupPBohiletor pe dB(z) xor opiletan péow g Eflcwonc 2.3.6. To
TEAOTO xVPLO AMOTENEOUA YOG YId TO dff(x) elvar 0 axdrlovdoc cuvduacTixdc THTOC.

Ocpnua 3.1.2. Eyovue

n k+1

dy (z) = Z{ 2z dro () Ary () -+ Apy (@) (3.1.2)

T0sT1y.-+5TEk

yia n € N, érov Ap(z) =0, do(z) = 1 ka1 to dipowpa kupaiverar o€ dAa ta k € N ka1 o€ dAeg
TS akoAovdies (ro, 71, ..., TE) 11 aQpvNTIKdY akepaiwy Tov adpoilovr oo n.

O Chow [32, Evétnra 4] édwoe plo emmhéov amnddeiln tne povotponioc tou dB(x) expps-
Covtde 10 ¢ Glpoloua W JEVNTIXMY HOVOTEOTKY TOAUGYIU®Y, Tou opilovTol and TauToTNTES
GUPHETEIXAOY oLVAPTHoEWY. ATd To Oedpnua 3.1.2 Tpoxiintel 6Tt T0 TOALGVUPO dB () pnopel v
yeugel we dipotopa 500 TOALVIUWY e U1 ApVNTIX00S, CUUUETEXO00E Xol LOVOTROTIOUS GUVTEAE-
0TéC, TV onolwy To x€VTpa oLUPETEING Dlapépouy XAt Wod, xou Ye auTd TOV TPOTO ToPEyEL Wi
véa anbdeiEn tne povotpomioc tou, émwe Ya eEnyRooupe apéows. Egbdoov 1o mohudvupo dP (z)
€yel Padud n xou pndevixd otadepd 6po, unopel vo Ypapel ye Lovadixd TpoTo oTN LopPH

di(z) = ff(z) + f; (), (3.1.8)

6mou 1o tohvwvupa fif (x) xan f, (z) éyouv Paduolc 1o mohh n — 1 xu n, aviictorya, xou
IXAVOTIOLO0V TIC OYECELS

=1
&
I

2" (1)) (3.1.4)
fala) = a"fr(1/2) 3.1.5



3.1. Ewaywyr xo aroteAéouata 19

(BX., yio mopdderypa, [13, Afppo 2.4] v autd 1o otoyeides yeyovoe). Ta tic mpdtes Téc
TOU N €Y OLYUE

av n=20
av n=1
g» 4y ay n =
) = »4 + Tx?, av n =
" B + 8722 4 1523, av n =4
‘E z + 55122 + 5512% + 31z4, av n =
B + 280322 + 824323 + 2803z + 6325, av n=
70 + 128672 + 848272 + 848272% + 1286725 + 12745,  av n=7
%ol
av n=20
\ av n=1
+ z2, av n=2
_ + 1322 + 23, av n=3
fu(@) = + 5722 + 5723 + 22, av n=4
+ 20122 + 76123 + 201z* + 25, av n=2>5
+ 65322 4 633322 + 63332* 4 6532° + 25, av n =6
+ 204522 + 4275723 4 1060372* 4 4275725 + 20452° + 27, av n=T.

Ot axéhovdec TARpogopiec yia T Tohudvuua fif (z) xor f, () o v to d2(z) anoppéouv and
v E€iowon (3.1.2).

IIopiopa 3.1.3. Eyovue

n
HOEDY { ot E () Ary (@) Ay () (3.1.6)
Kai
- . k+1
fn (”C) = Z 70, 1y - -+ s POt 1 gt dro(x) Am(x)"'ArzkH('r) (3-1-7)
yun € N, drov to dipoopa kupaivetar o€ dla ta k € N ka1 o€ dAes Tig axoroviies (ro, 1, . .., Tok)
(avtiorowa, (ro, 71, - ., Topr1)) U0 apvnTikdy akepaiowv tov adpoilovr oton. EmnAéov, ta £, (z)
ka1 f; (x) elvar y-un apvnuikd, 6nkadn vndpyovr un epynuxol aképaior Ej{l ka1 &, ; T€T0101 BOTE
Ln/2] _ _
) = Y [gha(i+ o) (3.1.8)
i=0
Kai
L(n+1)/2] ‘ ‘
fr@) = > gz (3.1.9)
i=0

Ebixdrepa, wa f,f () ka1 f,; (z) efvar ovppetpixd ka1 povérpona, pe kévtpa ovupetpias ota n/2
ka1 (n +1)/2, avtiotowa, xai to d2(x) efvar povétporo pe kopvgri oo | (n +1)/2].
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Eyfua 3.1: H xuPuc Papuxevtpun unodiaipeon tou 2-povomhéxou xou 1 Bopuxevtpelxr) unodiad-
peon g, K3

To deltepo xVpto amotéheopd poc yia 1o d2 (1) napéyet éva tinou B avdhoyo otn YewpeTph
epunvela tou dy () g o Tomxd h-rohudbvupo tne unodiaipeanc sd(2MM). T va 1o dratundoou-
e, elodyoupe tov axdrovdo cuuBoiioud. LupPolilovue pe K, tn povomhextixy| Bapuxevipixh
unodaipeon tne xuPixrc Poapuxevtpxc unodiaipeone tou (n — 1)-didotatouv govomhéxou (to
Tyfua 3.1 Setyver auth Ty unodiaipeon yia n = 3). Eniong etodyovye 1o piod modvdvuvpa Euler

Bz} = Z gdess(w) (3.1.10)
weB;T
pidei]
B (z) = Y ades®) (3.1.11)
weEBy,

Yo Ty opdda By, émov B;f xau By, efvou 1o 6UVORS T0V TPOCTUACHEVODY UETUHIECEDY WAXOUS N UE
Vetinr xon apvnTixd, avtiotorya, TeheuTtaio ouvteTayévy, xou Yétoupe By (z) = 1 xon By (z) =0
(to olvoho B, éyer epgaviote! 010 Thaiolo TV TPWTELOVTWY DEXTHOY Yio TIC XhaUCIXéC OUddES
Weyl- BX. [14, oeh. 613]).

Oevpnpa 3.1.4. To todlvérvuo f,F(x) efvar oo pe to tomiké h-rodvdvupo tng povomdexti-
Kk1js vrodaipeons K, (abixdrepa, to f,7(x) éyer un apvnrikols, cuppetpikols kai 1ovéTporovg
owteeotés). EmmAéov, yia n € N éovue

n

@ = 3 (0 L B (3.112)
k=0

fole) = > (=prF Z B (z). (3.1.13)
k=0

Oa Vélape va emonudvoupe 6Tt 10 Oewpnua 3.1.4 xat ot uédodot wwv [6, 59] poc odhynoay va
vroraotolye 61t 1 E€lowon (3.1.2) woyber. ‘Oviwe, npoxintet and toug oyetixols optopols xat
Ay axéun npoonddeia (BA. Evétnta 3.6) 61 1o tomxd h-nohudvupo tne vnodiadpeone Ky, eivan
foo ye 1o de&i péhoc e Egiowone (3.1.12). Epeuvdvtac tn ouppetpio autol 10U TOAU@YHULOU
o xdmotec avaywyixée oyéoelc Yo auté xot yiao 1o dB(z) (BA. Evétnta 3.7), unopel xaveic v
deifer 6L 10 Tomxd h-mohudvupo g utoddpeone K, etvar ioo pe 1o f,F (), dnwe opiletor and
™ Sidonaoy (3.1.3). 'Evoac tinog mou exgpdlet ) uetafol| tou tomxol h-draviouatog ulag
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povomhextixfc UTodIpETTE TOU HOVOTAOXOL PETd and Tepautépw unodiaipeoy [6, Ilpdtaon 3.6]
(BA. enione Hpbtaomn 3.5.3) unopel vo ypnotponomiet yio v tpoxder  Eicwon (3.1.6). Autd
ovvendyeton 6t ) Eiowon (3.1.7), xodde xar ) E€lowon (3.1.2), woybouv enione.

H Sop xan ta GAAo anotehéopata autol Tou xe@ahaiou €xouv we e&hc. H Evétnra 3.2 ano-
dewviel To Oewpnua 3.1.1. H Evétnta 3.3 anodewviel to Octpnua 3.1.2 xou to [lépioua 3.1.3.
Afvovton plo anddelln tou Oswpfuatog 3.1.2 ye ™ ¥pnon AUPLOVOCTUAVING ATEIXOVIONG, Xo-
Yo xou plo mou yenotponotel Yevvitpieg ouvapTthoeig, xat utoloyiCovton ol ex¥eTinég YEVVNTPLES
ouvapthoelc Twv f,7 (z) xau f,,; (x). H Evétnta 3.4 diver pio ouvduaotind eppunveia Yo Toug ouv-
TEAE0TEC TV TOAWVIULY autwy. H Evétnra 3.5 anodeixviet Tig xUpieg WBLOTNTES TOU GYETIXO0
tomixol h-Stavbouatog, plag yevixeuong tou oxentixol ntiow and 1o Tomixd h-Sidvuoua Tou Ei-
ofydn oto [6, Evotnta 3] (xat, oe pio dragopetind, poppr, oto [49]), xou cuprepaiver pio drdtnta
povotoviag yio T Tomxd h-Staviopata. Autd ta anoteAéopata StoTumwinKay ywels amodelln
oto [6]. Q¢ napdderypa (tou yenowonoeiton oe pio and tc anodeilelc Tou Oewphpotoc 3.1.4),
unohoyiletar To oyetxd tomxd h-didvuoua tng Poapuxevipic unodiadpeong. H Evétnta 3.6
diver 800 amodei€elc yio 10 Oewpnua 3.1.4. Eva npdto Briua yia autée Tic anodelleic elvar 1)
epunvela tou B, (2) wg 10 h-tohudvupo Tou povorhextixol cupnhéypatoc K, (Ilpdtaon 3.6.1).
Aedopévne authc e epunveiog, N pla anddeiln yenowonotel ) Yewpia twv (oYETIXOV) TOTUXGY
h-Biavuoudtoy, énwe culntiinxe vopitepa, v 1 dhAn yenoiwonolel avaywyxés oyéoeic xa
YEVVATPLEC CUVAPTHOELS.

H Evétnra 3.7 pehetd ta nohvavupe B (z) xau By, (z). Anodevietar 6t 1oyt pior omhd
oyéon uetoll v dVo (Afupa 3.7.1). Xpenowonodvtag Ty epunveia ToU ©S T0 A-TOALGVUPO
TOU UOVOTAEXTIX00 cuunmAéypatoc Ky, xou tn Yewpia TV TOX®OY h-BlavuoudTtey, anodetxvieTal
évac anhég TOmoc yia to B (x) (xou xotd ouvéneta, évac v to By, () xou évag Yo 1o TOAUGVLPO
Euler By, (x)) cuvaptioet tou nohuwvipou Euler A, (x) (IIpbtaon 3.7.2). Xpnowwonowdvtag avtd
Tov T0T0, anodexvieton 6Tt to Tohvwvupa By (z) xa B, () éxouv pdévo npaypatinée pilec, dpa
elvon povotpona xar hoyoprduixd xotha, xou €tol mpoximter wio véa anddellrn tne povotponiog
t0u By (z). Alvovtar avoywyéc oyéoeic xon YEVVATEIES GUVAPTAOELS Yiat Tat Tohuwvupe B ()
xaw By, (), 6nog exfone xon yio to ff (x) xou fr (@), xou mpoximter o tpitn anddeiln yio to
Ochpnpa 3.1.4.

3.2 To Ttomxd vy-didvuopa tng Bapuxevipixng vrodtaipe-
ong

IMpwta avagépoupe 800 epyaheia and TN cUVBLACTIXT TWV UETAVECEWY TOL Vo YETNCULOTIOW)-
Yolv oty anddelln tou Oewphpatog 3.1.1. Ou cvyPorilovye pe £, 10 clvolo TV yetatéoewy
e G, Y Tic onoleg xdde aplotepd mpog ded uéyioto etvar xdodog.

KdOodoL xauw unepPBdoeig. Acdouévng ulag uetdieonc w € &y, unopolpe va ypddouue
w o€ ouvhvn wopen Yvopévou xixhwy (BA. Evétnta 2.3). TuyBoiiloupe pe ¢p(w) v axoloudia
(h AéZn) mou mpoxinter btav agoupedoldv ot Tapeviéoec and Toug xUxAOUS TS W, VEWPOUUEVN
o yetddeon oty &,. T napdderypa, av n = 9 xou w = (524)(61)(8)(973) oe ouviin
popen yvouévou xixhwv, t6te ¢p(w) = (5,2,4,6,1,8,9,7,3) eivar 1 petddeon oty Sg 1 onoia
anetxovilet 1o 1 070 5, 10 2 aToV gVt TOU, T0 3 070 4 %.0.%. Ioylouv ol axdhovldec WBLOTNTES
(Yupiloupe 6Tt oupPoriloupe pe Dy, to olvoro TV petadéocny ywpic otadepd onueia oty &y, ):

(o) M amexdvion ¢ = G, = &, eivon au@uovooRuavTY,

(B) ¢(Dn) = &n,
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10

1
Yyfua 3.2: H petddeon w = (7,3,1,5,6,9,8,2,4) € &

(Y) o w € &y xou 1 < i < m éyouye 6Tt 0 deixtng 4 eivon avtiotpogn vépPaon e w av xou
wévo av o detxtne ((w))~L(i) etvon x&dodoc tne d(w).

Ou cuyBoilovpe pe ¢ : Dy — &, TNV AUPLOVOCHUAVTY ATEXGVION TOU ERdYETAL ond Th ¢ OTO
clUvoho D,,.

H dpdion Foata-Schiitzenberger-Strehl. Oa ypeiaotodue v axdlovidn mapakhory?| g
dpdomne Foata-Schiitzenberger-Strehl otic petadéoeic: Bh., vy nopdderypa, [36, Evétnta V.1]
[35, 37]. T neproobrepes e@appoyés aUTAS TNS XUTUOXEUHC TUPATEUTOUUE TOV OVALY VIOTY 0TA
[21, 51].

‘Eotw w = (w1, ws,...,w,) pio yetddeon oto ovvoko &, énov w; = w(i) yo 1 < i < n.
O¢touge wy = 0 xou wyy1 = n+ 1. YTreviupilovye 6t pio oimdrj kddodog (avtiotorya, SimAr
dvodog) e w ebvan évag deixtne 1 < i < n tétoog wote wi—; < w; < wit1 (avtiotoya,
wi—1 > w; > Wwit1). Aedopévne ulag dimhrig avodou A piag Sithfig xadodou i tng w, optlouvye T
petddeon ¥ (w) € 6, we e&hic: Av o @ eivon Stk dvodog tne w, téte Pi(w) elvon 1 petddeon
TOU TPOXUTTEL ANS TN W PETAXIVAOVTAS TO w; UETHED TWV w; Xat W41, OOV j efval o ueyahltepog
deixtng mou xavornoel tig aviodtteg 1 < j < @ xon w; > w; > wjp (mopatneolue 6Tt évag
téTolog delxtng undpyet, epdooy w € &, xu xaTd CUVETEIX O ¢ dev elvon aploTepd mpog Bedid
péyoto e w). Ioapbpow, av 1o i elvon Simhh xddodog e w, téte ¥;(w) elvan 1 petddeon
TOU TPOXUTTEL ANS TN W UETAXVAVTAS TO W; KETAED TWY Wj X W41, OTOU j elvot O WixpOTEROS
deixtng mov xavornotel Tic avicdTeg @ < § < noxa wj < w; < wiyr (mapatnpolue 6t évag
tétolog delxtng undpyet, epboov wyy1 = n + 1). T to nopdderypa Tou Tyfuatog 3.2 éyoupe
Pa(w) = (7,5,3,1,6,9,8,2,4) xou ¢7(w) = (7,3,1,5,6,9,2,4,8). Agpod ot Tgéc ota aptotepd
npog deZid uéytota dev alhdlouy xatd ) uetdBact and 1o w oto P;(w), éxouue Pi(w) € E, xau
0TI B0 MEQINTWOELS.

Kaholye 0o petadéoeic oo &, 100dhvayes (und 1 dpdon Foata-Schiitzenberger-Strehl oo
En) av 7 ulo tpoxtnter and v dAAY egapudlovtac wio axohovdia anexovicewy tne popehc ¢;.
AgAvetan otov avayveot) vo eléy&el 6Tt autéd opiler pia oyéon tooduvapiag oto &, xou 6Tl
xdde xhdor woduvoplag mepiéyel Eva Lovadixd otolyelo ywelc SimAég xadodoug. Emmiéov, av 1
petdieon w € &, dev €yl Bimhég xadodoug xon €xel k Simhég avodoug, TOTE 1) XAAOT LoOdUVAULAG
O(w) e w éyer 2% ororyela xor axpPic I; amd ouTd €youv j xotddoug TARUTAVL amd TN W,
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€101 WOTE
Z xdes(u) — xdes(w)(l_i_x)k — xdes(w)(l_i_x)n—Qdes(w)‘ (3.2.1)
ueO(w)

Andda&n tov Ocwpnipatos 3.1.1. Eextvevtag and v (3.1.1) Beloxoupe 61t

fv(Sd(QV)7x) = Z pxe(uw) — Z{xiexc(u) — Z{xdes(u)7

uEDy, uEDy, ueEy,

6mou 1 TeEheuTala 16T yenotonotel Ty WibTTa (Y) Yio TV amewdévion ¢ : Dy, — E,. Adpoi-
Covtoc v (3.2.1) oe dheg Tic xhdoeig tooduvapiag tng dpdone Foata-Schiitzenberger-Strehl oto

&y matpvouyue
Z xdes(u) _ Z{xdes(w)(l_'_:L,)n—2des(w)7

UEER weép

6mou pe &, ouvpBoliloupe 10 oOVORo TV petadéocwy w € &, yweic B xddodo. Anb Tic
Tponyoluevee obtntes xou ) (2.1.4) ovunepaivoupe 61t o &; elvan (oo pe to ThRdog twy petodé-
oewv w € &, pe des(w) = i xou nafpvoupe ™y epunveia (iil) Tou Yewphuatoc. Auth poli e Ty
D6t (Y), epapuoouévn oty anexévion ¢ : Dy, — &,, cuverdyovton 6T o &; eivan enfone (oo
pe to mAfloc tTwv yetadéoewy ywpic otadepd onueia w € D, e i avtiotpogeg unepPdoelc xou
ywelc delxtn j mou va avorotel Ty avisdtnta w(j) < j < w(j). Mepvaviac otny avtiotpogn
petddeon wt odnyoluaote otny gppnveia (i) Tou Yewphparoc.

Téhog, yio va ehéyZoupe v wodtta petalld (i) xou (ii), epyoalduaote pe xadodixd (avti pe
avodixd) twhuara. Ilapatnpodue bt 1 anewxdvion ¢ : Dy = &, endyer pla OLPLLOVOTTHUAVTT)
anexovior and 10 clvolo Ty petadéocwy ywplc otadepd onueio w € Dy, mou dev £youv BTN
unépPaom 010 6UVOAo TwY petadéocwy oty &, ywplc xadodud Tufuata wixoug éva. Emniéov,
10 TAidoc Ty urepBdoewy Ttoiwy w elvar (oo ue To TAAoc TwY xadodixdy TunudTey e ¢(w)
xou 1 anédely Enetat. O

IMopathenon 3.2.1. H povotponia tou moluwvigou yetadéoewy ywpls otalepd onueio arno-
detyUnxe mpdto and tov Brenti [22, [Iépiopa 1], o onolog {itnoe xat pla cuvduootixy anbddeln
[22, oek. 1140]. Mia tétoo anddeiln déUnxe and tov Stembridge [63, Ilépiopa 2.2]. To Oe-
oOpnua 3.1.1 mapéyer axdun pio ouvduaotixf anddeln (v pio mo woyver npdtacy). Egboov
1 Bapuxevtped vrodatpeon sd(2Y) eivar pla xavovixd vrodaipeon tou 2V, 1 wovotporia tou
Tohuwvipou petadéoewy ywplc otadepd onuela mpoxtnter enione and v (3.1.1) xat to [59,
Ocdpnua 5.2].

3.3  Anddeigr Tou xglou TuRoL Y To dB(x)

Avti n evotna napéyel 5o anodeilelc yia 1o Oedpnua 3.1.2 nou yenowonooy uio aupuo-
VOGTHOVTY) ATEIXOVIOT XAl YEVVTELEG GUVORTAOELS, avTioTotya, xat ouunepaivel to Hoplopa 3.1.3.
Qd¢ mapdmhevpo anotéheoua g devTepnNg amddeEng, urtohoyilovton ol exdetixéc yevvAtpieg ou-
vapthoec Tov ff () xu f, (z).

IlpdsTn andédaén wov Ocwpnpatos 3.1.2. YuyBohilovue ye Cp 0 oLhhoyY TV axohovhey (oo,
O1,...,0k), 6mou k € N xou 0; € 6(5;) yie 0 < i < k, o1 onoieg éyouv tic e€fc drottec: ()
1 axohovdia (Sp, S1,. .., Sk) elvou pio aoVevic Satetaypévrn dapéplon tou [n] pe S; un xevd yua
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1 <i<kxu (B) n oo ebvon pio petdieon tou Sy ywelc otadepd onueio. Ou neprypddouye pia
éva mpoc éva avtioTotyia ¢ : DE — C,, tétow Gote

k
iexcp(w) = iexc(op) + Z{(a,) + [%J (3.3.1)
i=1

7

yio x4 w € DE, énov (09,01, . ..,01) = p(w) xot 0 appde f(o;) aviinpocwnelet o des(o;) #
asc(o;), 6tav o aprdude ¢ eivar dptiog A neptttde, avtiotoya. Aedopévne authc tne avtiototylag,

yenowonotdvrag t (2.3.7) xon vreviupilovtag 6Tt undpyouv rort. i,  AOVEVELS BrateTaryueveg

dropepioers (Sp, S1,...,5k) Tou [n] mou avonowly T wétntee |55 = 1 v 0 < i < E,
Tolpvouue
n k41 k
B = (el iexc(oo) des(o;)
dn(x) B Z{ To,T1y---5 Tk v Z v ’ {Z .
00€Dr, =1 p; €6y,
n ktl
- Z 70,71 Tk zts Jdr‘)(x) Apy(z) - Ay (2)
¥ ST

xou 1 anéden énctan.

T v oplooupe 1 ¢, Yewpolpe pla petddeon w € DE yoplc otadepd onuela xor T cuvh-
U wopen oe ywbpevo xixhwv C1C5 - Cp, e w (BA. Evémra 2.3.1). Trdpyer évag deixtng
Jj € {0,1,...,m} téroioc ote 6ha 1 ototyeio v xOxhwv C,Cs,...,C; va eivor Yetxd
xot 0 TPWTO (WxpoTepo) ototyeio tou Cjy va eivan apynuxd. Opilouue wg og T0 YVOUEVO
v O, 0y, ...,C; xou ©¢ Sp 10 6OVORO OAWY TwV oToLyElwY Tou eupavilovial o€ auTolg Toug
x0xhoug, onote 1 yetddeon g € G(Sp) dev éxel otadepd onueia. O evamopeivavteg xixhot
Cit1y--.,Cp oynpatiCouy, 6tav agupedoldv ot napeviéoelg, pla AéEn u tng omolag To TEWTO
otoyeilo elvar apvntind. Auth n AéEn Blaondton Ye Lovadixd TEOTO GE YIVOUEVO U = UjUg * - - U
unohéZewy u; €tol wote yia 1 <4 < k, 6ha To oToyela TS w; Vo lvorn opvnTixd av o Seixtng ¢
elvon mepittog xou Vetnd av o ¢ eivon Luyde. Opilovue wg S; 10 6UVOAO TWV ATOAUTWY TIHAOY TOV
otoyelwy ™ u; xu wg o; € 6(S;) ™ yetddeon mou avtiotoyel oty MéEN ;. o mopdderypa,
avn =9 xuw=37)(14) (=59 —2)(—8 —6) oc ouviidn popyn Yvouévou xOxhwv, TOTE
oo = (1 4)(3 7) oe popyt| yvopévou xixhov, k = 3 xa 01 = (5), o2 = (9), 03 = (2,8,6), vc

axohoudiec. Oétoupe p(w) = (00,01, ...,0%) xat AUPHVOUUE OTOV AVAYVOHOTY Vo EXBEfatdoet
611 ) anewévion ¢ : DB — €, ebvor xahd opiopévn xon augyrovoshuav.
T va emPefadoovpe v (3.3.1), éotw w € DB pe p(w) = (00,01,...,0%) xw u =

aiag - - - ap N MEN mou oplotnxe otV mponyoluevy Topdypapo. Tote, €€ opiopol tng cuviloug
poppnc oe Yvouevo x0Oxhwv xou tne avtiotpogng B-unépPaocrg, o deixtng a € O, cbvar pia
avtiotpogn B-unépPaorn e w av xa woévo av o a etvan wia avtiotpogrn unégBaocn g oo, A
a = a; YW xdnow deixtn 1 < i < p ue a; > aj1, § @ = ap. Xuvenwg, 1 Eglowon (3.3.1)
EnETOL. O

It Bedtepn anddelln tov Oswpfuatog 3.1.2 Vétouue

" 6t _ 63:1‘,

Alt) = {An(m)a = = (3.3.2)

— g
xou (Bh. [22, Hpbtaon 5])

D) = Y {dn(x)i _ Lz (3.3.3)
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émou do(z) = 1. Treviupiloupe b1 (Bh. [31, Ocdpnua 3.3] [32, Oewpnua 3.2])

Z{d,{f(az) i—n' - % (3.3.4)
énov df (z) = 1.

AeUtepn andbaén tov Ocwpripatos 3.1.2. SuufBoriloupe pe Sy(z) (avtiotoya, pe S (z) xon
S, (x)) to de&l péhoc tne (3.1.2) (avtiotorya, twv (3.1.6) xou (3.1.7)), étor dote Sy(z) =
SH(z)+ S, (z) yia n € N. Troloyilovue 61t

(i tro $m 72k
Sp(w) - = 2 g (1) — Ay (2) — -+ Ay (2) —
Z%{( ) kZ{ o () 1y Ars (&) S+ A (@)
2k
# i .
- Z{dn(x)ﬁ Z a {Ar(«f)ﬁ {
n>0 k>0 >1
_ _p®
o 1-a(A®)?
xou Topouoiwg 6T
tn tro ! okt
Z Sy (z)— = Z 2P dy () — Ay (1) — -+ Apyy, (2) ——
nZO{ ! n! kJ’iZ{ ro! ri! 2t T2k+1!
2%k+1
¢ E+1 t"
= 2 (@) 5 2 @ Ar(z) 5
n>0 ™ >0 =1 - {
zA(t)
= D(t)-
R ErTET0):
X0l CUUTEQOIVOLUE OTL
" 1+ zA(2)
— =Dt) ————%.

Yuvdudlovtag Tic mponyolueves e€lodoelg e Tig (3.3.2) xa (3.3.3) malpvoupe, petd amd
xdmotoug apecoug akyePpixolc unoloylopols, 6Tt

5 {snmg - Qoo Z{dmi—’i

f>l

xou 1 anode énetat. O

Arnddaén wov Hopioparos 3.1.3. ‘Onwe xou ot dedtepn anddeln tou Ocwpruatoc 3.1.2, ovyfo-
AMCouvye pe Sif(z) xou S, (z) to de&i péhoc tov (3.1.6) xou (3.1.7), aviiotowya.

To Oedpnua 3.1.2 deiyver 6t dB(x) = St (x) + S, (z) 1o x&de n € N. Anéb v 1816t
e ovppetploc Ay (z) = 271 A, (1/2) % dp(x) = 2™ dp(1/x) Tou ToALViRoL Euler xot tou
TohuwvOpou petadéocwy ywplc otadepd onuela yio v &, cupnepafvoupe 6t ta S (x) xau
S, () wavonootv tic (3.1.4) xau (3.1.5), avtiotorya. And ) povadixénta g WidTnTag TOU
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opiler 1 fif (x) xu f; (z) npoximter 6u fif (z) = S (x) xu f (z) = S (x) Y10 x8de n € N,
Avuté anodewxvier tic ECiodoec (3.1.6) %o (3.1.7).

H ~-pn apvnuxdnra wov f,7(z) xou f,, (z) npoxinter ané tic Efiomoeg (3.1.6) xon (3.1.7)
xou T y-pn apvnTixdTnTe 1wy An(x) xou dp(z) (BA. Ipbdtaoy 3.3.1 ot ouvéyewa). H tehevtaia
npétaoy oto tépiopa Enetan ond Tic (3.1.8) xon (3.1.9). O

Agob ta nohudvupa Ay, (z) xar dp(x) €yovy un apynuxole oL CUUUETEIXOVS OUVTEAEOTES
xou uovo mpaypatixée piCeg, unopolye va ypddouye

An(z) = (1+2)" "

o7 (3.3.5)

pdeds
x

do(z) = (1+2)" &, m

(3.3.6)
YLl XAmoto TOAUGVLUA Yp(2) %o &y () pe pn apvnuixole ouvteheotée. T'a autode Toug ouvte-
Aeotée eivar Yvwotée axpiPeic ouvduaotixéc epunveie (BA., yio mopdderypa, [36, Ocmdpnua 5.6]
xou Evétnra 3.2). Ov E€wodoeic (3.1.6), (3.1.7), (3.3.5) xou (3.3.6) ouvendyovtar cuvduacTti-
x00¢ TOmouS Yia T ToAvdvupa & (z) = &t xa & (z) = €3t pe ouvieheotée mou
eugaviCovtar oo Iopioua 3.1.3, toug onoloug )éocw\(pdcgooups oTny axdkom‘)n npdTao.

ITpotaom 3.3.1. Eyouue

@) = 0+ & g (3.3.7)

Kai
frl@) = 0+ & s (3:38)

6mov

- — n k o ..

HOEDY { R A R RRENED (3.3.9)

Kai
é;(x) = Z o, 71 n Tl xk—'_lgm(x)'}/m(x)"'7T2k+1($)7 (3310)

He ta alpoiopata otig nponyolueves efiowoeg va kKuuaivovtal 0TS 101€§ TIUES OTWS Kal 0TS
E&wodoeg (3.1.6) ka1 (3.1.7), avtiotoya, ka1 &o(x) = 1, vo(z) = 0. O

INo T mp@Tteg Tiwé TOU N EYouUE

av n=20
av n =
s ay n =
) av n =
(@) = x + 5722, av n =
1o + 45822, av n =
Bz 4 255122 + 276323, av n=
Tx + 1223222 4 46861x3, ov n=7
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ot )
(; av n=20
\ av n=1
%, av n=2
_ X+ 11:1:2, av n =3
b (@) = + 542, av n=4
»E+ 19722 4 36123, av n=25
&+ 64822 + 437923, av n =
+ 203922 + 3458623 + 2461124, oav n=7T.

Ae yvopilovue xdmowr cuvduagTixy epunveia yia Toug cuvteheotés Ty & (z) xau &, ().
Ané 1 Sebtepn anddeiln tou Oewphpoatog 3.1.2 xa v anddeln tou Ioplopatog 3.1.3
TpoxOTTOUY oL axbloudol THToL Y1 Tic exdeTixés YeEvvATpieS ouvapthoeic Twv [, (x) xou f, (z).

ITpbtaom 3.3.2. Eyouvue
" et — xet
+ —
Z{fn () P (3.3.11)
n>0

Kai
t :ct)

Z{f}?(aﬁ) % = % (3.3.12)

n>0

Arddaén. Tapatmphoape oty anddeln tou Moplopatog 3.1.3 6t f,f (z) = S;f (z) xu f, (x) =
Sy, (z). Xuvende, n npbraon énetar and toug TOmouc oty dedtepn andderrn tov Oewphuatos 3.1.2
we duecoug alyefpixolc unoloyilopols. O

3.4 Mia cuvdvaocTIX EpUNVEi

Auth n evétnra diver pla ouvduaoTtixd epunvela Yl Toug cuvteheotéc v [, (x) xa f,, ()
EMEXTEVOVTOS TNV TPAOTY anddelln Tou Ocwpnuatog 3.1.2, mou divetaw oty Evétnta 3.3.

Ocewpolye pio mpoonuaouévn petddeon w € &(S), énov S = {a1,as,...,a,} 6nwe oV
Evétnra 2.3.1. ZuuPolilouye Ue my, 10 EAAYI0TO oTolyEld TOU S S TPOS T QUOIOAOYLXT OALXY
dtdtagn mou endyetoa and 1o Z xa Vétoupe By = {w € By, : w(my,) > 0}.

Ipbtaom 3.4.1. Eyouvue

fa ()
weDEN

> % zexen () (3.4.1)

Kai

folm) = ) % o) (3.4.2)

weDE Bx

yia kdle n > 1.

Ardédaln. Oa ypnowonoooupe TNV WEa TS TEWTNG anddelng tou Oewprpatog 3.1.2. Ao-
opévne wlac w € DP ue p(w) = (00,01, ..,0k), mopatnpodue 6Tt o aprdpée k eivor dptiog av
xou wévo av 1o teleutaio otoyelo ot cuviln woppn oe Yivouevo xixAwy g w elvar VeTInS.
Ernopévoce, n Egiowon (3.1.6) xou to entyeipnua e anddeilne tov Oewphuatog 3.1.2 deiyvouv

ot
f:(x) _ Z{xiech(w)?
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6mou 10 dpotopa xupaivetar Téve o€ dha 1o w € DE yia 1o omofa T teheuTaio ootyeio o1y
ouvAdn wopph ot yvéuevo xOxhwv etvar Yetind. Agol to otoryeio auté ool pe w L (my),
Tafpvoupe

+ — iexcp(w) _ iexcg(w™1) — excp(w)
I ) i z 2 ;

weDEB: w1(ny)>0 weDE: w(my)>0 weDEN

H E&iowon (3.4.2) éneton and g (3.4.1) xou (2.3.6), A pe ) ypfion napduotou emyephipatoc. O

3.5 To oyetixd Tonxd h-didvuoua

Avuth n evotnTa avaxalel Tov oploud Tou GYETINOV TOTIXOU h-TOAUWVOUOU Ui LOVOTAEXTI-
xfc unodtadpeone, Tou ewohiydn oty [6, Evéotnta 3] o, avedptnta (o€ éva mo yevixd mhaioto),
oto [49], xou eZoogouriler pepixéc and Tic xVpieg WLoTNTES Tou (oL MEPLoobTERES amd auTé dta-
TunUnxay ywpeic anddeln oty [6, Evétnra 3]). Eniong, e8¢ unoloyileton 10 oyetind tomxd
h-mohudvupo e Boapuxevtpic utodiaipeone tou wovorhdxou (Hapdderypa 3.5.2). Autéde o u-
nohoyioudeg Ya yenowonoimnidel oty Evotnta 3.6. Ye autr Ty evotnta Yo otadeponotioovye éva
owpo k xar Yo epyaototye pe Ty évvora g oporoyxhc (avti tng Tonohoyxfc) HovoThexTIXHS
unoduiipeong unepdvew tou k.

Optowodg 3.5.1. ([6, Evémta 3]) Eotw I' yia opohoyixs| unoduipeon evée (n — 1)-8idotatou
wovormhéxou 2V, pe anedvion vrodiaipeong o : I' — 2V xot éotw E € T'. To mohudvupo

ty(T,B,x) = > { (=1)" ¥ h(linkp . (E), z) (3.5.1)
14

o(E)CF
elvon 10 oyetikd tomikd h-rodvdvuvpo e I' (wg npog 10 V) oty mhevpd E.
Mapatnpolue 6t to Ly (T, E, x) avdyetou oto tonixd h-tohvavougo by (T, z) yio B = @.

Mopdderypa 3.5.2. Eotw I' = sd(2Y) 1 Bapuxevipueh unoduipeon evée (n — 1)-didotatou
povomAbxou 2V xu E = {S1,83,...,5} wa mhevpd e I, 6mou S1 C Sy C -+ C S CV ebvon
un xevd obvoha. Oo det€ovpe 6T

bl Eoz) = dpgla) Ap (@) Ay (2) == A, (2); (3.5.2)

émov rg = |V Skl xou ;= |S; Si—1| yia 1 < i <k (ue ) obuPaon So = 2).

Treviuuilouye and tnv Evémnra 2.1.3 61t o gopéag g E ot I divetan and v anexdvion
o(E) = Sk. Katd ouvénela to 8e&i péhog tne (3.5.1) eivan évar ddpotopa ndvew oe bha tor g, C
F C V. O nepopopéc I'p eivar i Bapuxevipied| utodiafpeon tou povomhdxou 28 xar 1o link
e E oe autd tov mepopopd ixavonotel linkr, (E) = Ag * Ay * -+ % Ay, énouv A; eivon o
HOVOTIAEXTIXG GUUTAEYHA OA®V TV aAUGiBwyY uTocuvOAwyY Tou V' mou mepéyouy yvnoing to
Si—1 xou mepi€yovton yvnoing oto Sj, v 1 <4 < k, xaw Ag elvon 10 povomhextixd cOUmAeypa
OOV TV aAVG{BWY UTOCUVOAWY Tou V' mou TEpEyouy YVNolwe To Sy xat Tepiéyovial Yvnoiwg
oty F. Q¢ anotéheoya auto, éyoupe

h(linkrF (E), :l?) = h(AQ, :B) h(Ah LE) R h(Ak, :B)
= A 5)(@) Ar, (@) Ary(2) - Ay, (2).

TTolamhaowdlovag auth v efiowon we (—1)4 171, adpoiloviac mdvw oe 6ha ta S € F C V
xou yenotgonowvtac ) (2.3.3) napvoupe v (3.5.2). O
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To xivntpd yag Y T eloaywyR T0u oyeTiXol 1000 h-TOAUGYOUOU TPOEpYETL And TNV
axdhovldn npdtacy (Yo éva dhho xivntpo, BA. [49, Evétta 3]).

Mpétaoy 3.5.3. ([6, Hpbtaon 3.6]) I'a kdde opoloyixn vrodaipeon T tov povorAdiov 2V kar
kde opoloyik) vrodaipeon I tng I’ éyoupe

ty(T,z) = {EE(F’E, z) by (T, E, z). (3.5.3)
Eel

Y ouvéyeta, emPefoudvouye 61t 1o tohudvupo Ly (I, E, x) ixavorotel 800 and tic xupLdtepee
wiotnteg tou Ly (I, ) xou oupnepaivouye pla BtdtnTar wovotoviag Y ta Tomxd h-Siaviopota.
Avutd to anoteléoparta dratunadinxay ywelc anddeln oty [6, Hapatipnon 3.7].

Ocvpnua 3.5.4. Eotw V éva olrodo ue n otoiyela.
(a) To oxetikd tomxd h-ntoAvdvvuo by (I', E, x) éxer ouppetpicols ouvtedeatés, onAadij oy e
2" El (0, B, 1/z) = 0y (T, E,z), (3.5.4)
yia kde opodoyixij vrodaipean T' tou povomddrov 2V kai kdte E € T.

(B) To oxetiké tomikd h-nodvdvvuo Ly (L, E,x) éxyer un aprnrikols owvtedeotés ya kdie
nuyewpetpikri opoloyikj vrodaipean T' tov povormAdrov 2V kar kddle E € T.

Anédaén. (o) Axohoudolyue to Phuata e anddene tou [4, Oedpnua 4.2]. Xpnotponodviag
v E€iowon (3.5.1) xou v [4, Hpbraon 2.1], Peioxovye ot

(B ) = Y (-1 e ik, (2),1/2)
o(E)CFEV

Z{ (—2)" 1 h(int(linkp . (E)), z).
|4

o(E)CF

Loyvelopaote 6t

h(int(linkr,. (), z) = > [ (2= )P h(linkr,, (B), 2),
o(E)CGEF
v xde B € I'. Aedopévng autic e e&lowong, ouunepaivouye 6Tt
1Bl (D, B 1/2) = S (o) @ — )FI h(linkr, (B), 2)
o(E)CGCFCV
1 _ o IF-lEl

= Y | (—2)" % hlinkp, (B),z) >
o(E)CGIV GCFC v

= Y | (—2)" I h(linkp, (E), z) (1/2)"
o(E)CGEV

= Ev(P,E,x).

IMa var anodeiouye tov toyvploud, napatnpolue 6t 1o chunieypa linkr,, (E) dioondton otny
EVooT TwY eowTtepix®Y tov linkr, (E) yia o(E) C F C G. Agob

s A

) 11—z
AehnkpG

(1 — 2)71% h(linkp, (E), z) = Z{
E)
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ot
Y|

)
- l—z
Aecint(linkp

(1 — )"l p(int(linkp . (E)), z) = >
(E))
OUUTEQAUVOUNE OTL

(1 —z) 9hlinkr,,2) = > [ (1-a2)"Fa(int(linkr, (E)), z)
o(E)CFEG

v xdde o(E) C F C G. O woyvpopde mpoxiinter epopuélovtac avtiotpopr Mébius [62,
Mpéraon 3.7.1].

(B) H eduwxr nepintwon £ = & eivar 100d0vaun pe 1o pépoc (i) tou [6, Oedpnua 3.3]
(ovotaoTixd, pe to pépog (8) tou Oewphuatog 2.1.4). H yevinr| nepintwon éneta and to entyei-
enuo oty andden tou [4, Oewpnua 5.1] (tou yevixeber autd e anddelne tou [59, Ocwper-
por 4.6]), émou oe auth TV anddelrn avuxadiotolpe to A pe to linkp(E), tov aprdpéd d pe tov
n — |E| = dimlinkp(E) + 1 xou t0 e ye v té&n n — |o(E)| tov dwotiuatog [o(E), V] oto
oUVOEOUO TV UTOCLYOAWY Tou V. O

IMa to tohudvupe p(x), ¢(x) € Rlz] ypdgpoupe p(z) > g(x) av n dwgopd toug p(x) — q(x)
EYEL UN apVNTIX00E CUVTEAEOTES.

Mépiopa 3.5.5. Ia kdle nuiyeopetpixij opodoyikn vrodaipeon ' tou povorAdiov 2V kai
kdOe nuiyewpetpikn opodoyikri vrodaipeon I' ng T, éyovue by (I, 2) > Ly (T, z).

Anédaén. To deZi péhoc tne (3.5.3) avéyeta oto Ly (I', z) yiuo E = @. O undlotnot 6pot 010
&dpotopa eivon un apvntixol and to Oewphuata 2.1.4 (8) xar 3.5.4 (B) xar n anddeln éneton. O

3.6 Mia yewuetpixr, spunveio

Avuth 1 evotna opillel Tumixd T povomhextixny unodiadpeon K, xou diver dvo omodeifelg
yio 10 Oewpnua 3.1.4, n pwla and Tic onoleg ypnotponotel ) Yewpio 1wV (OYETUXGY) TOMXOY h-
dtavuopdtwy (ouyxexpwéva, v Ilpbtaon 3.5.3) xat 1 dAAn yenowonotel yevvitplec cuvapThoELS.

‘Eotw A éva yovomhextind ovumieypa. H xuPuc| Bapuxevtpw unodiaipeor tou A, mou ouy-
Bohiletanr pe sdc(A), opiletor we 10 0UVOAO GAWV TV U XEVOV XAEWOTOV daotnudtwy [F, G|
070 UepxC datetoryuévo olvoho TAELpGY F(A), LEp®OS DIATETAYUEVO UE TN OYEOT TOU EYXAEL-
opov. Eivaw enaxdhouvdo twv [65, Oedpnua 6.1 (a)] xou [62, E€lowon (3.24)] b1t 10 Staxtind
obumheypa, éotw A’ g sd(A) eivar opotopoppixd pe 10 A. Emunkéov, 10 A’ elvor pe gu-
oohoyixd tpéno pio povomhextixt] unodiaipeon Tou A o gopéac piog Theupds tou A’ eivar To
uéytoto ototyeio Tou peyuhbtepou and ta BraoThaTa TS avtioToyng akucidag StoTudtwy Tou
F(A). Ou oupBorilovpe pe K, 10 Sataxtind odunheypa e sd.(207), onére 10 olumeyua
K, ivor plo povorhextio urodlaipeon tou povorhéxou 2 (BA. Tyfua 3.1 yia tnv nepintwon
n = 3). Emonuaivoupe 611 n unoduwipeon K, eivar n eldix| nepintwon N = 1 yioc vnodaipeone
TOU povoTAbxou Tou epgaviotnxe oto [30, oek. 414].

H axohovin mpdtaon eivon éva Baoixd Bripa xou yia Ti¢ 800 amodeilelg Tou Oswpruatog 3.1.4
ToU BlvovTaL GE AUTYH TNV EVOTNTAL.

Ipétaon 3.6.1. Eyovue h(K,,z) = B, (z) yan € N.

Anddatn. To yepinde datetaypévo abvoro sd.(2M) amotedeiton and dha o Sraothgata tng
wopyrc [A, B, 6nou @ = A C B C [n], uepixa¢ dtatetaypéva ye ) oyéon tou eyxhetopot. T
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VoL BGOGOVUE ol BlapopeTINT TEPLYPAPY AUTOU TOU UERPIXAOS DATETAYUEVOU GUVOROU, VEWPOVUE TO
axéhovlo pepixds datetoryuévo ovvoro (P, ). Ta otoryeia tou P, eivar ta unoshvola Tou
Q,, ta onola TepLEy oLV TOURdYIoTOV Eva YeTXd aptdpd xar To TOAY Eva aprlud and xdie ohvolo
{i,—i} yie i € {1,2,...,n} n pepwxr} didtaly elvon avtiotpogoc eyxheoudc. Iapatnpolye
bt aneévion @ : sd.(2M) — P, nou opileton Vétovrac w([A, B]) = A U (—([n] B)), eivas
LOOOPPIOUOS UEPIXAS BIATETAYUEVDY CUVOAWY. LUVETWC, UTOPOVUE Vo TAUTICOUPE TO GUUTAEY A
K, pe o dotaxtind odumheyua tov F,.

Ta S = {s1,52,...,86} C [n] ye 81 < s < -+ < 8, opilouye ap, (S) va eivar To TARYoC
v ahuoldwy F < Fy < -+ < Fy, oto P, tétoec wote |Fj| = sp_ip1 v @ € {1,2,...,k}.
H omewévion ap, @ 20 — N eivar 10 flag f-didvuopa tou P,- BA. [62, Evétyra 3.13]. O
ahvoidec tou Py, mou anapripodvion and tov apdud ap, (S) eivar ot éva npog éva avtiototyla ye
o otowyele w € By v ta onofa Desg(w) Cn— 8 :={n—s:s € S} Mpdypat, dedouévng
ploc térolag ahuaidag, To avictoro otowyeio Tou cuvdhou B, anotehelton and Tt otoryela Tou
n] {|s] : s € F1} oe adZouoa oeipd, axohouvdolueva and autd tou ) Fh oe adouoa oelpd ot
001w xaedric, axohoudolpeva Tehxd and ta ototyeia Touv F o adéouvoa oeipd.

Trevduuilovpe b1 to flag h-Sidvuoya Bp, : 2 — Z tou P, opiletar

Bp.(S) = Z{—n's ™ ap, (T),

TCS

v S C [n], % 10odlvopa, wg

ap,(8) = Y Pr.(T)

TCS

v S C [n]. Agol o aprdude ap, (S) anapripel Tic mpoonuaouéves petadéoeic w € By v i
onoiec Desp(w) C n— 8, epapudlovtag Ty apyh ToU EYXAEIOUOD - anoxheopol Tpox TTeL 6Tt 0
apdude Bp, (S) anaprdpet tic npoonuacpéves petadéoeic w € B, yio tic onofec Desp(w) = n—=S.
To anotéheopa éneton and auth v epunveia avaxohodvtog [62, Evétnra 3.13] 6t

he(Kn) = | Br.(S),

SC[n], ISk
xou avTixahoT@vTog 0 S pe 10 1 — S oTNY TEONYOVUEVT EVOTNTA. O

H npodtn anddeiln tou Oewprpoatog 3.1.4 Baociletw oto yeyovég 6t 10 olumieyua K,
uropel vo Yewpndel we unodiafpeon e Bapuxevtpuic unodisipeone sd(2M). Tio va eEny-
OOUPE TOV TEOTO UE TOV OTOI0 ETTUYYAVETHL auTo, Vewpolue To axdlovdo mhaioo. 'Eotw
V = {v1,v2,...,v4} éva oOvoho, ohxwe dratetayuévo g vy < vg < -+ < vg. YTreviupi-
Coupe 61t pe sdo(V') oupPorilouye 10 yepnds datetarypévo oUvoro Twy dractnudtey tou V g
wop9hs [vi,v5] = {vi, vig1,..., v} o 1 <4 < j < d, yepde Swtetayuévo pe tn oyéon tou
eyxheopol. LupPoriloupe pe I' o dataxtind odunheypa tou sd.(V'), nou anotekeiton and dheg
Ti¢ ahuoideg tétowwy Swotnpdtwy. Ta pio tétow ahvoida G € T, opillouvpe o(G) va eivan 1o
olVORO OAWY TWV Ve PEayYRATwY TV dlotnudtwy otny G. 'Etol éyouue pla xahd oplouévn
ametcdvion o : T — 2V

Afupa 3.6.2. T6 ng mponyolueves vnoléoes kar toug mponyoluevovs oupfoliojols, n
areicérion o : T — 2V r1poodider ato T' tny bidtnta s yewpetpixiis vrodaipeons tov 2V. To
mAndos wwr edpdv tou T efvar foo pe 2971, drov d efvar to TAiidlog Twr otoryeiwy Tou V.

Anédaén. 'Eotw Xy éva yeouetpixd (d — 1)-0idotato povémhoxo ot xopugés tou omofou eivat
emyeypoppéves we to unooOvoha tou V = {vy, va, ..., v4} mou nepéyouy ubvo éva ototyeio. Ou
XOTOOXEVACOVYE ol YEwUETEXT tovomhexTixt| unodtaipeon (tprywviopde) I'y tou Ty e onofog
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(v,

(v, v}

{vi} {vinv,} 2}
Eyfua 3.3: H vnodwipeon I' yio d = 3

ot xopugéc Vo elvon emtyeypappévee (e pio éva mpog éva avtiotolyio) ue to xhetotd Sothyorta
e ohxc Bidtalne V, étor dote: (a) Tar SraoTHTE TOU TEPLEYOUY €val 0TOLYED VoL ETLYpdPOUY
I X0puPéc Tou By, (B) To onuelo ye emypagy| éva Sidotnua I = [v;,v;] € sdo(V') mou mepiéyel
neploodtepa and éva otolyeio va Pploxetar 0T0 oYETING E0WTERPIXG TG oxuic Tou Ly g onolag
o dxpar €xouv emypagt| {v;} xan {v;} xon (y) ot mhevpé g I'v va avtiotoyoly o ahuoideg
Sraotnudtewv (BA. Lydua 3.3 yia ty nepintwon d = 3).

Egapuéloupe enaywyh oto d. O tprywviopog I'y elvon éva povadixd onueio yia d = 1 xau
0 Tprywviouds evoc eudlypoppou TuRHaToS UE éva ecwtepixd onueio (pe emypagt| {vi, va}) yiot
d = 2. Trnodétoupe 6 d > 3 xu Yétovpe U =V {ug} xaa W =V {v;}. Emdéyoupe ta
povomhoxo Xy xot Xy w¢ TIC TAEUPES Tou Ly ouVdIAoTAoTS €Val oL omoleg avTiototyoly ota U xat
V' xau, yenotponowdvtag )y enaywyixy) unddeor, toug tpryeviopoic I'y xou 'y autdv twy 8o
povomhbxwy mou €youv Tic Wibtntes (o), (B) xou (Y) ¢ mpog tor ohixd Sratetoryuévo UTooHVONa
U xar W tou V, avtiotoyya. Hpogavie, unopolue vo emhéEouye autols Toug Tplyviopols va
€youv Tov (810 TEploplod otV TALupd Xy N Ly tou XNy Xtn ouvéyeta emypdgoupe pe V' éva
tuyaio onuelo p 0TO OYETING EOWTEPIXO TNG oXUNG TOU Xy UE GXPA TOU €YOLV TIG EMLYPAPES
{v1} xon {vg} xou opiloupe T'y va efvar 1 oulhoy¥| mou anoteleitoan and Ao To LovOTAOXA GTO
Iy UT'w xou Toug x6voug aut®dy pe xopu@h p. A@rivouue 6tov avayveotn va eniPefouwott 4Tt o
Tptyoviopde Iy €yer tic Wibtnree (o), (B) xan (Y) xou 61t vhonotel plar aprenuévn povomhextixt
vrodlafpeon Tou 2V ue Tic amonToVuEveES IGTATEC. O

Treviuuilouue 61t 1 unodiaipeon K, amoteheitoan and 6heg Tic ahuoideg SlaoTNUdTWY NG
wopphc [A,B], émov @ = A C B C [n]. Opiloupe wc gopéa plac tétotag ahuocidac C to
oUVORO TWV dxpwY TwV dlacTNudTtey e C xa tapatneolue 6Tt autd 1o ohvoho elvar pla ahuoida
670 pepinde datetaypévo abvoro F(2M) twv pn xevdy unoouvéhev tou [n] xon xotd cuvénela
avixet ot Papuxevipid unodiafpeon sd(2M). Egupuélovtac 1o Afupa 3.6.2 otic ahuoidec
V € sd(2[) cuunepaivoupe 6t K, eivon pia urodipeon tne sd(20) xou 61 o mepropiopée
authc tne unodiafpeong oe wo un xevh thevpd V' € sd(2M) Sidotaone d — 1 éyer axpide 2471
€0peq.

Afupe 3.6.3. Eoww I' pla nuyewpetpixn povomdeknxn vrodaipeon tov (d — 1)-tidotatov
povorAdiou 2V. Av o nepuoponds I'p éxa axpiBis 29mF) &Spes yia kdde un xeviy mevpd F
tov 2V, tdre
ty(D,z) = 22, av o d evar dpriog

0, av o d €lvar TePITTOS.
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Arndédaén. YTrevduuilovye 61t 0 Thdog TV edpdy Tou povomAextixol cuuniéypatos A eivo
foo pe v s tou h-ntohuwvipou h(A, z) yio = 1. Xuvenog, Vétovtac = 1 oty Edicwon
(2.1.2) xau ypnopwonotdvtac v unddeon yia v vrodadpeon I, Bploxoupe 6t

d 7 7§
(T, 1) = (_1)d n Z _1)d—k d k-1 _ 1, avod vaoa ocp‘tlog,
1 k 0, av o d eivau mepittde.
To anotéheopa éneton and o pépn (Y) xou (8) tou Oewphuatog 2.1.4. O

Ipdstn anddeén wov Ocwpnuaros 3.1.4. TupBohiloupe pe £ (x) 10 TomNd h-TONUGVLYO TNS U-
noduwibpeong Kp. I va unohoylooupe autd to moAuwvupo, Ya epappocovue tny Ilpdtaon 3.5.3
v I’ = K, xu T =sd(2M"). Eotww E = {51, Sa, ..., Sk} wio thevpd tou T ye k oowyeia, 6nou
S1 C Sy C - C Sk C [n] elvon un xevd odvoha. Eyouvpe hdn emonpdver 6t o nepropiopde I,
avornotel Ti¢ unodéaeig Tou Afuuatog 3.6.3. Katd ouvénewa, and 1o Afuua 3.6.3 €youpe

b2,

av o k ebvar dptiog

0, av o k etvan nepittéde.
To oyetixd tomxd h-didvuopa tou I' unohoylotnxe oto IMopdderypa 3.5.2. Yuvendg, und 1o
nplopa v (3.6.1) xou (3.5.2), n Hpdtaon 3.5.3 deiyver bt

o) =300 L a T d(e) A @) An (@),
6mou 1o ddpotopa xupaiveton o OAoug toug dpTioug k € N xat oe dheg Tic axohovdies (ro, 71, . . .,
k) U apvnTIXodV axepaiowv mou adpoilouyv oo n. And auth v e&iowon xa v (3.1.6) npoxdntel
ou 4 (x) = fF(x) xon n mpddTn mpdroon tou Oewphuatos 3.1.4 éneton.

Agrvouue otov avayvooty va emBefoumoel dti n unodiabpeon K, unopel vo mpoxier and
NV TETPWUEVY UTOBIAPEDY) TOU LOVOTTAGXOU UECL BLadOYIXDY AOTEIXWY UTOdLUEEcEWY. AuTo
ouverdyetar 6t 1 K, efvon plo xavovied, unodadpeon. O oyvplopde 6t 10 Tohudvupo [ ()
€xel un opyNTxo0e, CUUUETEIXOUC Xall HOVOTPOTOUC GUVTEAECTES €neTol and TIC XVpIEC IBOTNTES
TV ToTXOV h-tohvwvipey [59] (BA. Ocdpnua 2.1.4). H Eioworn (3.1.12) eivar enaxdhouvdo
Tov 6t fiH(z) = 4} (z), tne EElowone (2.1.2) mou opilet ta tomxd h-nohudvupa xou tne Ipdra-
ong 3.6.1. Aedoyévou 6t d2(x) = fiH(x) + 7 (x) xu By(z) = B (z) + By () vy x&e n, 1
EZiocwon (3.1.13) elvou ouvéneta twv (2.3.8) xou (3.1.12). O

Ia ) dedtepn anddeln tov Oewprpoatog 3.1.4 Yo ypewwotolue tg exdetinée yevvAtpieg
ouvapthcels Twv B (z) xou B, (z), ot onofec Yo unoroyiotolv oty Evétnra 3.7.

Aevtepn anddbaén tov Ocwprjparog 3.1.4. SupPohilovpe pe € (z) xaw £, (x) 10 de&i uéhog twv
(3.1.12) xou (3.1.13), avtiotoya. And tnv Ipbtaon 3.6.1 xou 1 (2.1.2) npoxinter bt 10 £ ()
elvou {00 pe o Tomx6 h-rohudvupo g K, Katd ouvénewa, apxel va deioupe ot £ (x) = f,F ()
xor £ (z) = fi7(z) v x8de n. And tov opiopd v 4 (z) xa £, (z) xa tnv [pbtacy 3.7.7

TaipVouuE
tr tn & pel
b)) = =t > [Bf@) S = 50—
! n ] 2t _ .2t
nzo{ n! "0 n! e*r xre
o n n ( t mt)
_, T —_t s r(e' —e
Zen(x)ﬁ = & Z Bn(w)ﬁ = But _ g

n>0 n>0

To anotéheopa énetar ano autéc Tig e€iowoelg xau Ty Ilpbdtaon 3.3.2. O
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3.7 Mia didonoocr Tou toAvwvoupou Euler tirouv B

Auth 1 evétnra pehetd ) didonacy Tou nohuvwvipou Euler By (z) ot ddpotopa twv B ()
xou By (z). Ipdrta, napatnpodye ot undpyer pla anhy oyéon petald twv 800 mpooldetéwv.
Y ouvéyela, YpnotwonowvTag T Yewpla Twv Tox®Y A-SlavuoUdTWY XAt T ATOTEAEOUATO TN
Evétrac 3.6, anodevietu pia oyéon petald tou B (x) xou tou molvevipou Euler A, (z)
(Ilpbtaom 3.7.2). Anb auth tn oyéon, ouvdyetar 6Tt o Bf (z) xau B, () éyouv pévo mporyuo-
Txés pilec (Hbpopa 3.7.5), dpa bt elvar povotpona xou Aoyaprdmxd xotha, xou mpoxinTel uio
véo anddelln e wovotpotiag tou By(x). Téhog, Sivovtan enaywyixés oyéoeic xou YEVVATELES
ouvoapTAcElS Yl To Tohudvupe By (z) xou By, (x). Autéc pag odnyolv ot enaywyixés oyéoeig
xon YEVVATPIES GLVAPTAOES Yia T TohudvLpa f,F (z) o f () xon o€ plo oedpn andden Tou
Ocwprhuatog 3.1.4.

Trevupilovye 6t 1o By (z) xa B, (z) opilovtar and mic (3.1.10) xou (3.1.11). T Tig
TEWTES THIES TOU N EYOUYE

, av n=20
; av n=1
+ 3z, av n =2
Bl (z) = + 16z + 722, av n =3
+ 61z + 11522 + 1523, av n=4
+ 2062 + 105622 + 62623 + 312*, w n=5
+ 6592 + 755422 4+ 117742 + 2989z + 632°, oav n =6
%ot
, av n=20
. av n=1
+ 22, av n =2
B (#) = + 1622 + 22, av n=3
x + 11522 + 6123 + 24, av n =
x + 62622 4 105623 + 2062* + °, v n=295
3z 4 298922 + 1177423 + 755422 + 6592° + 2%, av n = 6.

Me autd to dedopéwtt, TpoxidnTEL QUOIOAOYLXA TO axdloudo Afupo.
Adppo 3.7.1. Eyovpe B, (z) = 2" B (1/z) yan > 1.

Anédaén. Aedopévne piac mpoonuacuévne petddeone w = (w(ar),w(az),...,w(an)) € By,
6mou o ouuPohiopds eivor 6nwe oty Evétnra 2.3.1, ¥étoupe —w = (—w(—a1), —w(—az),...,

—w(—ap)) € By. H enayduevn anexdvion ¢ : BY — B, mov opiletan wc p(w) = —w eivon
apgrpovoohipavtn. Emmhéoy, yia xéde w € By, évag deixtnc i € {0,1,...,n—1} elvor B-dvodog
e w av xat uévo av o deixtne i elvon B-xddodoc e p(w) xou to Muua énetou. O

T va anodet€oupe v mpoavayyehdeioa oyéon uetalld B, (z) xou An(z), Yo yenoonord-
GOUYE TNV XATAOXEVH TS r-00Thc unodlaipeanc axudv Al evée povomhextinol ouurhéyuatoc
A. Tlapanéunovye tov avoryveotn ota [25, 26] yio tov optopd xou Ty totopior authc Tne unodiai-
pEONC Xa avoxaholpe Tar oxohovda Yvwotd anoteléopata. Ipdhto, o neploploudg Ag) e A
oty F éyet axpide rdimUF) ¢8oec yio xdde pn xevi mhevpd F € A. Aebrepo, ouvdudlovtac to
[26, I16ptopa 6.8] ue to [25, ITépiopa 1.2], naipvoupe tov timo

h(AD 2) = E, ((1 bt + a2 Y R(A, :L»)) (3.7.1)
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Yyfua 3.4: H Bapuxevtpnr| unodlaipeor tou dididotatou povomhoxou xat 1 dedtepn unodialpeo
axpov e, Kb

i 10 h-mohudvupo e vrodwipeone A brou d — 1 eivor 1) Sidotaon tou A xau E, eiva o
TeheoThC TOAOVOULY (1 YEVIXOTEPA, TUTIXGY BUVOHOOELP®Y) Tou opiletal w¢

E, aa® | 4= Z kT = ot et cgpat -
>0 k>0

To Eyhuo 3.4 Selyver tn deltepn unodiaipeon oxudy tne Bapuxevtpxfc unodlaipeons Tou Bidid-
OTOTOU YOVOTAOXOV.

Ipétaocn 3.7.2. Eyouvue B () = Eo (1 4+ 2)"A,(z)) ya kdde n > 1.

Anédaén. Oewpolpe v unodadpeon K, xou 1 debtepn vnoduwipeon axumy K, tne Papuxev-
tpiric unodafpeanc sd(2M) (BA. Tyruora 3.1 ot 3.4 yia Ty edixd| nepintwon n = 3). Eqap-
uélovrag ™ (2.1.3) yia A’ = K,, xon K/,, avtiotorya, xa A = sd(2[") naipvouue

h(Kn,x) = Y [tr((Kn)r, ) h(linka (F), z),
FeA

WEK),x) = Y [te((K})r, ) h(linka (F), z).
FeA

Agob xar or 300 nepopiopol (Kp)p xu (K. p éyouv axpiBde 29m0F) Eoec yia xdide pn xevih

mhevpd F' € A, éneton ond toug mponyoluevoug tomoug xou o Afuua 3.6.3 bt h(Ky,x) =
h(K], z). Suvdudlovtac auth v wodtnta xou v pdtaon 3.6.1 nafpvouvpe B, (z) = (K], )
yio xde n > 1. H EZlowon (3.7.1) ouvendyetar 61t

Bi(x) = Ex((1+2)"h(A,z)) = Eg((142)"An(x))
yio n > 1 xou v oanddelly énetou. |

IMopathenon 3.7.3. Ou Yéhaue va evyapiotioovue tov Mirkd Visontai mou pog mhnpopd-
pnoe 6t évac tonog mapduotog pe autév tne Hpdtaone 3.7.2 unopel va npoxler and 1o [2,
Ocehpnua 4.4], yia o onolo diveton pio ouvduaoTixh anddeln oto [46].

Oa YeNooTOHGOUUE TO axdAoudo MAUUA VLol VO GUUTEPAVOLUE TNV UTOREY HOVO Y LOLTIXDY
pléw v T By (z) xen B, ().

Afupa 3.7.4. Eotw p(z) éva moAvdvupo pe npayuatikols ovvtedeatés kai éotw r évag etikds
aképaiog.

(a) Av to p(x) éxea povdtponovs ourtedeotés, o 1dw0 wyver kar ya to E,(p(z)).
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(B) Av o p(x) éxa un aprnuixols kar Aoyaprdjikd Koilous ourTedeatés ka1 dev éxel eowtepikd
pundevikd, to i wyve kar ya to E,(p(x)).

(y) Av 7o p(x) éxer pdvo mpaypatikés piles, to idw wyva ka ya to E.(p(z)).

Anédaén. To pépoc (a) eivor teTprppévo xat to pépog (B) aghveta we doxnor. T to pépoc ()
z _ k , ’ ’ . oo , z ’
Vetoupe p(r) = fogar” xou TORATNPOVPE 6T O TVaXOS (@ri—rj)f_g Efvon €vag uronivoxag
) . o0 4 Z ¥ 74 4 7. 7 z
0V (@i—j)75—0- Kot ouvénewa, xéde uroopilovoa tou npétepou ebvan eniong uroopilovoa tou
OoTepou xau To amotéheopa énetan and 1o Oewenua 2.1.2. O

Iégwopa 3.7.5. Ta rodvdvuua B (z) ka1 B, (z) éxovwr pudro mpaypatikés piles ya kdde
n > 1. Eivar povétporna e kopvpés ota |n/2] kar [(n+ 1)/2], avtioroa, ya kdde n > 2.

Anddaén. H mpdtn mpdtaoyn éncton and to Afuua 3.7.1, v Ilpdtaoy 3.7.2 xou 10 yeYOVOQ
6t 1o nohudvupo Euler Ay (z) éyer wévo mpaypatxée pilec yio n > 1, yéow tou uépoue (Y)
tou Afuuartog 3.7.4. H dedtepn mpotaon éncton and to Afuua 3.7.1, tnv Ilpbdtaon 3.7.2 xau o
yeyovoe 6t 1o mohudvupo (1 + x)" A, (x) éxer ouuueTpIxolc Xat LOVOTPOTOUS GUVTENECTES Xl
Bodud 2n — 1, péow tou pépoug (o) tou Afupoartog 3.7.4. O

IMopatAenon 3.7.6. Agol wyler By(z) = B (z) + B, (z), to llépiopa 3.7.5 exppdlet to
noluwvupo Euler By, (z) wg ddpotoya 800 govotponwy tohuaviuwy Ue X0pu@Es Tou dlapépouy
10 TOAD xatd éva.  Auth 7 Sidonaoy delyver T N povotpornia tou By (z) eivon ouvérmela tne
povotponiog tou Ap(x) (BX. Hpbdtaon 3.7.2 xou Afjppoe 3.7.1). Ta Ty anddeiln e povotponiog
T0u By (z) péow y-un apvntixdtntag, Bh. [50, Mpbdtaon 4.16]. Ta pia e&iowon nou cuoyetilet to
nohudvupe Euler tinwy A, B xou D, PA. [64, Aduua 9.1].

BOu dooupe TOpa eTaywYXEC oYEoELC xou YEVVATpIES ouvapthoelc i T By (z) xau By, (z).

IMpétaom 3.7.7. Eyouvue

dB"
Bf(z) = 2(n— 1)z B} |(z) + 22(1 — ) ﬁ(x) + By_1(x) (3.7.2)
yia kdle n > 1,
+n et(ea:t _ xet)
+ _
Z n(x)ﬁ T 2wt _ et (3.7.3)
n>0
el n t( t a:t)
_ t ret(e' —e
n>0

Anédaén. 'Eotw w = w(a)w(ag) - w(an—1) € By pia tpoonuacyuévy petddeon, nopiotdye-
v g A&, T i € {1,...,n}, Vo cupPoriloupe pe w; (avtiotorya, w_;) v npoonuacuévn
petddeon oto B, mou mpoxlntel and | w ewwdyoviag o n (avtiotoya, 0 —n) peta€d TwV
w(a;—1) xou wla;). Tl < i< n—1¢éyovue w; € B (avtiotoya, w_; € B;f) av xat ubvo
v w € B;’_l. Ané v &\, w, € B xu w_p, € B, v %3 w € B,_1. Emnhéov, yia

1<i<n—1éyoupe

desp(w), av i — 1 € Desp(w)

desp(wt;) =
B (W) desp(w)+ 1, avi—1¢ Desg(w)

xou ywt i = n éyovpe desp(wy) = desp(w). Luvende, vrohoyilouvye bt
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7
L

B;—(a?) _ Z xdesB(a) _ Z{xdeSB(wi) + xdesB(w_i) Z{xdesB(wn)
i

o€B, =1 \ geBt | WE B —

weB;‘Z'_

= 2 Z{ desp(w) z98™) 4 (n — 1 — desp(w)) 2921+ B, (2)

= 2(n-1) Z glesB(WHl | 91 — ) Z{desB(w)xdesB(w) + Bp_i(x)

weB} weB}_
iy,
= 2(n—1DzB} (v) + 2z(1—2) W(m) + Bp_i(z),

10 onofo anodexviel Ty (3.7.2). Xtn ouvéyewa ioyvplduacte 6Tt

Bi@ S (i1 - @) o, (3.7.5)

(I—2x) o

Yo xdde n > 1. Aedopévou 61t By (z) = 1, n EZiowon (3.7.3) npoxintet and tov 10YUpIoR6 e
ocpsoouq Uno)\owopoug [ va omoBsLEoups v (3.7.5), ovuBorilovue ye an (i) o ouvieheoth
Tou ' 6T0 avdmTUYPA NS pNThe ouvdptnore Bl (z)/(1 — z)™ we duvapooelpd. AlupdvTag Tny
(3.7.2) pe (1 — )™ xou YpNOWOTOUDVTIS THY t0GTHTA

4B},

d Bf{_ x T(x) B,’f_ x
@(ﬁ) - g2t ("_1)1713(:)

Beloxouye 6Tt

Bf(z) d ([ Bl |(z) Bp_1(7)
G-ar = 2 g ((1—;)n—1> l cps

E€ioévoviac touc ouvteheotéc tou xt ota 800 pén e mpoNYolUEVNC lGO‘CY]‘EO(C XU XpIOYLO-
Towdvtog to [23, Oedpnua 3.4 (ii)], nalpvovpe ay, (i) = 2ian—1(i) + (20 + 1) ' O woyvptopde

€meToL YE ENAY WYY 6TO N.
H EZiowon (3.7.4) éneton and v (3.7.3) xou to Adppa 3.7.1. Evahhaxtxd, tpoxintet and
™V (3.7.4) xou Tov TOmo yioe Ty exdeTind| yevvtpla ouvdptnomn tou By (x) [23, Oedpnua 3.4 (iv)].
(|

Me autd T dedopéva, oupnepaivoupe enaywyixéc oyéoeic Yo o ff (z) xou f, ().
IIpotaom 3.7.8. Ia n > 2 éypovue

df,—

dr (@) + 2(n— D)z f;f 5(z) + df_(x).

fale) = 2(n—1z-1) fi_(2) + 22(1 - 2)
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Anddaén. Xenowonowdvrag v E€iowon (3.1.12), unokoyiloupe 6t

n

fi@) = Z{—l)""“ . Bi@

k=0
- n—1 nd n—1
= Yt T BR@ + Lot P B
k=1 k=0
= n—1
= + 1 BH@) — fia)
k=1
Avuxadiotdvrag yia Bg’(a:) 0 dei péhoc e (3.7.2), Vétovtac

Sn(z) = 20 Z{—nn—k (k—1) Z:i BY (2)
k=1

xou ypnowonowsvtog ) (2.3.8), nafpvoupe

- n—1 dBf
fH@) = Sala) + 20(1 ) {-1)“ )

k=1

+Z{ n N 1 By 1( ) — f;__l(aj)

d +
hos o) 4 a2 1) - £, @).

= Sp(z) + 22(1 — x)

Téhoc, yenoponowdvtag v Egicwon (3.1.12), unokoyiloupe 6Tt

n
_ n—1 -1
Su(B) = 2xZ(—1)" kL I B8 —21:2 _1 B} (@)
-1
- 2xz kg " L Bl —2xz 1)k k ”k B (x)
—2xf,j_1(x)
—i
= 2nxz yk T L pr (x)—Z(n—l)xn (=1)n* n=2 pi (z)
- -1 k—1 E—1 k—1
k=1
—2xf7j_1(x)

= 2(n—Daf () + 2(n — )z f; 5(x)
xou 1 anédey Enetan. O

Qo supPoiilovye pe a ., a, . xou dB . touc ouvtekeotéc tou 2 ota £, (), frr (2) xou dB (),
avtiotorya. Ov axdhoudeg enaywyixés oyéoeic unopolv va e€aydolv and v Ilpdtacn 3.7.8 xou
o0 [31, Iépropa 4.3].
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IIépropa 3.7.9. Tan > 2 kar k > 1 éyoupe
ar, = @Ck—Dat_ +2—kKal_ ,  +20n—-Da) . +dF (3.7.6)
Kai
an, = k—Va,_ +2n—k)a,_y .y +2n—1ay 5, + dF g4y (3.7.7)

Arnddaén. H EZioworn (3.7.6) mpoxinter and tov tono tne Ipbraong 3.7.8 ediowvovtag toug
ouviekeotéc Tou zF. Aol U fp = dﬁk - a;‘;k, n Egiowon (3.7.7) éneton and ty (3.7.6) xou tny
EMAYWYIXT OYEOY YLl TOUC GUVTEAECTES dﬁk ou divetan oo [31, [Iépiopa 4.3). O

Tpten anddeitn tov Ocwprparog 3.1.4. ‘Onwg xou o1 dedtepn anddely, oupBoiiloupe pe 4 (x)
xau £y () To De&ud wédn v (3.1.12) xou (3.1.13), avrictorya, xou napatnpolye 6t 4 (x)+4;, () =
dB (x) xou 6L 10 £ (2) ebvan {50 pe 10 Tomxd h-mohudvugo g unodipeone Ky, E€amtiac authc
e eppnvelac, éyovye 4 (x) = 2™4F (1/x) and to Oedpnua 2.1.4 (y). Or anodeifeic tne Ipdra-
one 3.7.8 xou tou oplopatoc 3.7.9 detyvouv 61t ot ouvteheotéc twv 4 (z) xou £, (z) wavonowy
g (3.7.6) xau (3.7.7), avtiotoye. Agol a, , = dﬁk — aj;k, UTOPOUYE Vol ETOVADIATUTOCOVYE
™y (3.7.6) wc

a’:,k = 2ka’:—l,k +2(n—kK)af_y,y + 2n— 1)‘1:;—2&—1 + g

Avuxadotdviag 10 k ye 10 n — k o quth TNV 106TNTA XAl YENOLOTOWOVIAS TN CUUHETPL

+ .t : 5
amk = anm_k TROXUTITEL OTL

an—l,kz = a’n—l,n—k’
2 A — — - 4 i /. /. —_ —
Iood0vapa, €youpe a, . = a,, 5. Y& Oha e n xu k xou, héyw avtod, woybet £, (z) =

"o (1/x) v 6ha te n € N. H povadétnio twv iotitwy tou opillouy 1o fi(z) xou
I () Betyver 6 & (z) = fif (z) xeu £ (z) = f; (z) yiot Gkt Ta m € N, O

‘Eyoupe emPefoudioet 61t o tohvadvupa fif (x) xou f,, (x) éyouv pévo mpoypatinéc pilec Yo
2 < n <10. Katd ouvéneta, 1 oaxdhoudy eixacio mpoxdnTel Quotoloyixd.

Ewaoia 3.7.10. Ta nodvdrvuua f,F(x) ka1 f,; (z) éxovr udvo mpaypatixés piles yia kdden > 2.
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Kegpdiowo 4

To Tomxd h-odvucua
TNSC LUTOOLAPECNG CUNVWLYV

4.1 Ewooayowy”n xot anoteAéopota

To xepdhaio autd eoTidlel o€ €va Tapddelypa UTOdLPESTC TOU HOVOTAGXOU PE aflooNUElwTES
OUYDVLACTIXES WBLOTNTES, TNV umodlalpeot, ounvwy. Ta xdpla anoteréopatd wog vroloyilouvy 1o
Tomix6 h-didvuoya Ttng unodlaipeong ounvwy, eacpaiilovtag cuvduaoTIXES EpUNVEIES Yio TA
xhaotxd cuothpata iy Ye TN Xphor ouVBLACTIXTE YN SlaoTavpolevey dlapepioewy. Emniéoy,
Yo del€oupe OTL TO TOTUXS Y-TOAVWVLPO EYEL PN AEVNTIXOUS GUVTEAEOTECS Ylal OAES TIC UTOBIAPETELS
ounvéy. Trevidupiloupe 6t ye I'(P) supPoriloupe v unodiaipeoy, ounvedy tov oyetiletar pe
10 obotnua pllwyv ® = 5 tédng n.

Oa ypdpouyue

((T(®),2) = Y (D)2
1=0

yio T tomixbd h-nohudvupo e [(P) xou £7(P) = (Co(P), L1 (D), ..., 0n(P)) Yo To aviioToo
o6 h-8idvuopa. Onwe anodelydnxe oty Ipbtaon 2.2.2, 1o £r(I'(P),x) divetow and v
e&lowan

(@),2) = Y ()" T aAay (@), 2). (4.1.1)
JCI

To anoteréopata Tou [59], Tou avagépovta oto Oewpnua 2.1.4, ouvendyoviar 6t 10 £7(I'(P), x)
€YEL YN ApVNTIXOUS %ol CUUUETEO00E OUVTEAEDTES Yl xdde clotnua pilwy P.

To npddto anotéheoud pog npoodiopiler to tomxd h-nohudvugo e vroduipeons I'(P) wc
e€nc.

Ocwpnua 4.1.1. Av (;(T(®),2) = [ li(®)z" efvar to tomkd h-roAvdrupo tng vrodiaipe-
ons ounreyr I'(P), nov oxetiletar pe éva avdywyo obotnua pilcr @ tdéns n kar tonov Cartan-
Killing X, tdte o apiuds ¢;(P) efvar ivo pe:

e w0 mAdos twr apepivewr m € NCA(n) pe i uépn, évor dove kdde pépos tov T pe éva
otoeio va elvar eppwlevpévo, av X = Ay,

e 0 mAijdog Twr Sapepivewr m € NCB(n) ywpisc undevicé pépos kari Lebyn un undevicdv
Hepoy, €tor hote kdle pépog tou T e €va Uetikd otoyelo va elvar eppwlevuévo, av
X = By,

e 1 — 2 gopés to Tijilos twr dapepivewy T € NCA(n — 1) pei pépn, av X = Dy,.

41
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EmitAéor, to £1(T'(P), x) elvar ivo e

((fn — 2)z, av X = Is(m)
+ 8z2, av X = Hj
x + 12422 + 4223, av X = Hy
z + 2922 4 1023, av X = Fy
+ 6322 + 12523 4 63z* 4 725, av X = Fg
x + 204x2 + 64423 + 644z + 20425 + 1625, av X = Ey
x 4 748x2 4 3380x3 + 54722* + 338025 + 7482 + 4427, av X = Ej.

Oa ypdgpouye £1(P) = (§0(P), €1(®), ., €| ny2 (@) Yia TO TOTIXS Y-Bidvuopa TG UTODLXIpE-
one (@), étot dote
Ln/2] ' '
T(®@),2) = D [&(®) 2 (1+z)" 2 (4.1.2)
i=0

To debtepo anotéheoud pac vnohoyiler enaxpBde toug apripoic &;(P) (xatd ouvéneta, uéow
e Elowone (4.1.2), xou toug aprdpoie 4;(P)).

Ocwenua 4.1.2. Av @ eivar éva avdywyo ovotnua pilor tdééns n kar tirov Cartan-Killing
X ka1 av &(P) etvar o1 apidpol wov opilovtar povadikd péow tng (4.1.2), tére {o(P) = 0 kai

—d—1
7? " ) ! , av X =A,
1 1—1
n—i—1
&(D) = ; av X = B,
1—1
f2 2‘2—2 n'—2 , w X =D,
g 1—1  2i—-2
yie 1 <i<|n/2|. EmnAéor,
— 2)z, av X = I(m)
s av X = Hs
1n/2) T + 402, av X = Hy
> fe(@)a’ = { P+ 922, v X =F)
=0 + 3522 + 1322, av X = Eg
x + 12422 4 11223, av X = Ey
x4 48422 + 78423 + 120z, av X = Ek.

\

H Hpébtaon 4.2.1 (avtiotoya, nllpbtacn 4.3.1) avagépet 61t dtav X = Ay, (avtiotoya, X' =
By,), o aprdyol &(®) anapriuoiv dapepioeic 7 € NCA(n) (avtiotowya, Sopepioeic m € NCP(n)
ywpic undevixd uépoc) mou dev €xouv pépoc Ue éva oTolyElo, WS TPOS To TAYOC TWY PEPWY TOUC.

‘Otav 10 @ eivar xpuotahhoypagxd, 1o chumieypo ounveyv A(P) unopel va vhonomdel wg
10 ouvoplaxd oOUNAeYUa evde povomhextixol xvptol mohutémou [29]. Xuunepaivouye 6Tt TO
[(®) efvor pio xavovixd| (yewpetpinr) urodiaipeon tou povomhdxou 2. Suvende, anéd to [59,
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Ocwpnua 5.2] (BA. enione Oewpnua 2.1.4 (€)) npoxintel 6T 10 Tomxd h-didvuoua touv I'(P) eivan
wovétpono, dnhadh Lo(®) < £1(P) < --- < £y ) (P). To axdrovdo mépiopa tou Ocwpriua-
10¢ 4.1.2 e€aopolilet éva mio 1oyupd anoTéAeoya.

IIépiopa 4.1.3. Ia kdde ovotnua piloy @ to tomikd y-0udvvopa tov I'(P) elvar un aprnrikd,
onadrj wyve ot &(P) > 0 ya kdle delkrn i.

4.2 To ocVotnpa gllov A,

H axéhouvdn mpdraoy eivan to xOpto anotéleopa authg e evotntag. Onwg xar otny npon-
yoluevn evotnta, ® = @y elvan éva nenepacpévo abotnua pilodv t8éng n. BuuBoiilovyue ue D(P)
0 Sidrypappa Dynkin tou @ xar towtiloupe to obvoho xopupdy tou D(P) pe to chvoho deixtidv
I mou mepiéyet n otoyyelo. Lnueidvoupe 6Tl ot un Sraotavpolueveg dopeploelg ywels wépn pe éva
otoyelo xou dedouévo apriud pepdv, mou epgaviCovton €86, ekethinxay xou anapriurinxay and
tov Kreweras [45, Evétnta 5).

IIpobtaon 4.2.1. I'a to ovotnua piler ® tirov A, wyvovr ta akérovda:

e 0 apiuds £;(D) eivar ivog e o MARDos Twr Sauepioewy T € NCA(n) e i uépn, térores
wote kde uépog tns T e éva atoiyelo va elval eppwlevuévo,

o 0 apiuds &() efvar ivog e o TAjdos Twr Spepivewr m € NCA(n) o1 onotes dev éxovr
J1épog e éva uovo atoiyeio kar éxovv auvolikd i pépn.

Emn\éov, éyovue tov timo

0, av 1=0
&i(®) = (4.2.1)

1 n n—i—1
= 1<i< |n/2|.
n—i+1 i i-1 7 <i<In/2]

TNo i mpwTeg TIUES TOU N EYOUUE

0, av n =
, av n =2
a:—i—xQ, av n =
igi(q’)fl _ $+4$Z+1E3,3 ) av n =
- z 8z° +8z° 4+ 7, av n=>5
x + 1322 4 2923 + 132* + 25, av n =
x + 1922 + 7323 + 732 4 1925 + 5, av n =
x 4 2622 4+ 15122 + 2662* + 1512° + 2628 + 27, av n =38

pdels
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0, av n=1

af, av n=23

ln/2) + 222, av n =4
Z (®) b = + 5x2, av n=>5
i:O{ + 922 + 523, av n=~06

+ 1422 + 2123, av n="7T

+ 2022 + 5623 + 142%, av n=8.

To Sudypaupa Dynkin D(P) efvon Eva povondtt 6to oOvoro xopupov I. Ta guxolia oo
oupPoliopd, Vétovpe I = {1,2,...,n}, énov ta i xou i+ 1 evon yertovixd oto D(P) yia 1 < i <
n—1.

Anddaén tng Ipdraons 4.2.1. T vo unohoyicouvye to de&i yéhog e (4.1.1), emixevipwvbpoote
o010 h(AL(®y),x). To Afppa 2.2.3 xou n EElowon (2.4.1) defyvouy 6Tt

WAL (Pr),z) = Z{ il (4.2.2)
)

TeNCA

[Ma tuyato J C I €youye pla didonaoy oe vl yivoyevo @5 = @1 x - -+ X Py avdywywy utocu-
otnudtwy P, ..., Pp. Ta dypdupata Dynkin tov @q,..., ®; clvar o1 cuvexTinéc oLVIOTWOES
Tou Brarypdupatos tou mpoxintet and 10 D(P) agoupdviac Tic xopugéc tou I J. Agol to D(P)
elvon éva povomdti ywelc mohhamhéc axuée, xdde P; elvon xou mdht éva cbotnua plwy Tomou
A. YupBolilovtoc pe p; v tédin tou B; xa ypnowonowdvtoae ty Ipbdtaon 2.2.1 (v) xou v
EZiowon (4.2.2) Bpioxouvye 61t

B
MAL(@7),0) = h(AL(@) % Ap(@y),2) = [] {h(Au@i),x)

=1

- ﬁ 3 ({i)xpﬂﬂ - ¥ {)xn_w

i=1 geNCA reNC4

6mou pe NCA(J) ougBohilouye to olvoro twv duyepioewy m € NCA(n) yio tic omofec oy let
6ty xdde a € I J, 1o {a} elvou éva un epgwievyévo pépoc tne m pe éva ototyeio. O
nponyoluevog unohoytowde xou 1 Egicwon (4.1.1) cuvendyovton bt

G(®)at = Y (-pl 7l Z{’ g7, (4.2.3)
1)

n
i=0 JCI reNCA

Mia anh egopuoyh g apyfic eYxhelouol - anoxelopol detyvel oti to de&i péhog g E&lowong
(4.2.3) eivau {00 pe 10 ddpotopa twv 2171 brou 1 Bropépron T € NCA(n) tpéyet 00 6Hvoko TV
dapeplocwy yia Tig omoleg xdde pépog pe éva ototyelo elvon eppwieupévo. Autd to anotéheoua
xot 10 YEYOvOG 6T £;(R) = £y (P) amogépouv v emduunty epunveia yio tov £;(P).
IMa va anodelfoupe v mpotevéuevy epunveia v toug aprduoic &(P) mpéner va det€oupe
o n ln/2]
Z (@)t = Z{mZ (14 )" %, (4.2.4)

i=0 =0
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6mou m; ebvar 10 TR0 twv Sapepicewy T € NCA(n) pe i pépn, mou dev éxouv pépoc pe
éva ototyelo. TuyBohiloupe pe NCF'(n) 10 unootvoro tou NCA(n) mou anotekeiran omd e
un dlaotavpolueves Slapepioelc Twy onolwy xdle Yépog Ye €va ototyelo eivon eppwicuuévo. O-
oiloupe pio oyéon woduvapice oto NCA(n) dewpdvrac Sbo dayepioeic m1 %o T 160d0VaES
av undpyet pio éva mpog éva avtiototyio f amd T0 OUVOAO TWV UEPOV TNG M1 TOU EYOUV TE-
plocotepa and éva oTtolyel 0T0 GUVOAO TWV UEPKY TNG Ty TOU €YOUV TEPIOGOTERA and €val
otolyela étol wote v xae uépoc B tng i We mepioodTeEpa and éva ototyela, to olvola B
xou f(B) va éyouv to (B0 ehdytoto xou to (o uéytoto otoiyeio. T mopdderypoa, 1 Swpépton
oto Lyfua 2.5 elvor 10000vaun ue Téooepic W) SlaoTavpolueves dlauepioelc, dnAady| ue Tov eou-
16 e o Tic dapepioec {{1,5,6},{2,3,4}, {7}, {8,9}}, {{1,6},{2,3,4}, {5}, {7}, {8,9}} »au
{1,653, {2, 43, {3}, {5}, {7}, {8, 9} }.

Agrvouue otov avayveot) va eréyEel 6L 0 neploplodc authc e oyéong opiler uio oyéon
wwoduvapiog 010 alvoro NCp' (n) xau b1t xdde xhdon twoduvagiac péoa oto NCh(n) nepiéyet plo
povaduxt| drapépton my ywelc uéen ue éva otoyeio. Emnhéov, yio tnv xhdom wwoduvapiac O(mp)
wloc térotog drayépione mo € NCh'(n) éyoupe

S = iy,

7€O(mo)

6mov i elvar to TARdog TV uepwy tou Ty. Alpoilovtag Tic mponyolueves e€lOMOEC TdVL oF
bhec Tic drapepioeic my € NCZH(n) ywele péen we éva atowyeio, nafpvouye v (4.2.4).

Téhoc, n Elowon (4.2.1) elvar ouvénewa e wdtnrag &(P) = m; xou v anoteheoudtwy
Tou [45, oeh. 344], nov anopripoly Tic un draotavpolueves dapepioels ywplc uéern ue éva ototyeio
xaL OEBOPEVO apLiUd UEPMY. O

4.3 To obotnua ptllwv B,
Avti 1 evomta anodeixviel Ty axdhouvldn npdtaocy yio Ty nepintwon X = B,,.
IIpbtaon 4.3.1. I'a to ovotnua piler ® tirov By, wyvovr ta akédovda:
e 0 apiuds £;(P) eivar ioog pe to TAos Twr Sapepivewr € NCP(n) ywpic undevis
H1épog kar i Lelyn un undevikadv uepwv, ya ts omoles wyvel 6t kde pépog e éva Jeticd

oTotyeio elvar eppwievuévo,

e 0 apiuds & (D) elvar ivos e o mARdos twr Swuepioewr m € NCB(n) mov dev éour
UNOeviko pHépog N Hépog e €va otoryeio kar éxovr ouvohikd i Ledyn un pUndevikay pUepor.

EmmnAéov, éyovue tov timo

0, av i =0

&i(®) = (4.3.1)

n n—1i—1
1< < 21.
; 14 , av 1<i<|n/2]

I tic mpwteg Tipég Tou N €youpe
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2z, av n =
T + 322, av n=3
i -(<I>)a:i _ + 1422 + 423, av n =
pard {’ | %o + 3522 + 352% + bat, o n=5
4 6922 4 1462 + 692 + 62°, av n =
| e + 11922 + 4272° 4 4272 + 1192° + 72%, av n=7
o
T, av n =2
, av n=3
In/2) + 622, av n =4
Z (@)t = + 2022, av n =25
izo{ + 4522 4 2023, av n==~6
+ 8422 4 10523, av n=7
+ 14022 4 33622 + 702%, ov n=8.

To didypappa Dynkin D(P) elvouéva govondtt oto odvoro xopupdy I = {1,2,...,n} ye
o S| axpr. YTrmodétouye 6Tt o i xan 4 + 1 efvan yertovixd oto D(P) yio 1 <i < n—1 xau
OTL 1) BT x| cuVdEeL TIC xopuPéC N — 1 xau n.

Arndoaén wng Hporaong 4.3.1. Mia anddeiln pe nopdpotor entyeiphpoata 6w auth e Ipdto-
one 4.2.1 propel va dodei we e&hc.  SupPoriloupe e NCH(n) 10 oOvoro twv dlopepioewy
7 € NCB(n) nov Bev éyouv undevixé pépoc. T va unohoyicoupe o de&l péhoc e (4.1.1),
pehetodue 0 ToAudVUPRO (AL (P ), x) yioo J C I. To Afppoata 2.2.3 xou 2.4.1 Seiyvouv éu

h(AL(@r),2) = ) é P KL (4.3.2)
)

WENCE

émou 1o ||| avunpoownrelet To TAHloC v LeuvYdY TV (UNn Undevixdv) yepwy e 7. o tuyaio
J C I woyvployaote Ot

WGNCE

hAL(®)),2) = ) { g, (4.3.3)
()

6mou pe NCF(J) ouyBoriloupe to olvoro twv doepioewy m € NCP(n) yio tic omofeg woylet
6ty xde a € I J, 1o {a} elvar éva un eppwlevpévo pépoc e T pe éva Yetxd otouyeio.
Aedopévne e (4.3.3), n epunveio v 4(P), yia 1 < i < n—1, énetan and pio eqopuoyy| tne
apy g Tou eYXAEIOUOU - anoxhelouol, 6Twe xat oTNY nepintwon Tou Titou A.

H anédeiln e (4.3.3) npoxinter énwe xa e avtictoyne e&iowone oty anddeln e
Mpbraone 4.2.1 av ot xopugéc n— 1 A n dev avixouvy oto J. Awapopetxd éyovye {n—1,n} C J
xou o emyelpnuo mou yenowonominxe oty anddeiln e Ilpbdtaone 4.2.1 tpononoweiton we
e€fc. Eotw b 1o yéyioto otowyeio tov I J. Téte to obvoro {b+1,...,n} anotekel to olvolo
x0pLEGY Tou dlaypdupatoc Dynkin plag and tic cuvextuxéc ouviothoeg, otw Pp, tou @ .
Avtn 7 ouviotdoa elvon tonou B, evéd xdlde plo and g Dq,..., Pp_; eivon tinov A. Emniéov,
Yo m € NCE(J), o mepropiopée e 7 ot0 {b+1,....,n} U {=b—1,...,—n} eiver pio pn
draotawpoluevy diauéplon TOnou B, evé 0 TEpLoplods TNg 6To 6UVOAO Tou 0pilouv oL x0pupEg
Tou Srypdappartoc Dynkin xadevog and ta ®q,..., $p_q elvon plo un Siaotawpoluevn drauépion
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tonou A. Katd ouvénewa, n E€iowon (4.3.3) éneton ye napduoto unohoytoud 6nwe e avtiototynge
e&lowone oty anddeiln e Hpbraong 4.2.1, ypnowonowdvrae tic E€iodoec (4.2.2) xar (4.3.2).
T ) Seltepn mpdraom, Tpéner Vo avTIXOTAoTAOOUYE T ayéon wwoduvapiac oto NCA(n)
e auth oto NC#(n), nov opileton w¢ e&hc. Ymodétoupe 6t 1 dapépron m € NCH(n) éyer
eppohevpévo uépoc ue éva Yeuxd otoyeio {b}. e auth v nepintwor, undpyet éva povadixd
wpoc B € 7 tétoio wote av avixataotadolv ta yéen B, —B,{b} xa {—b} e 7 and ¢
evooeic B U {b} xou (—B) U {—b} va mpoxtier wior un Srastaupoduevn drapépion 7 € NCH (n).
H anoutotpevn oyéon woduvapiac oto NCE(n) opileton we n hentérepn oyéon iooduvopios we
Tpoc Ty onofa ot drapepioeic m xou ' efvon 1oodlvapes Yoo Ghat T Lebym (m, b). Tior tapdderypa,
1 diopéplon oto Lyfua 2.6 elvar 10odOvaun ye axpBoe wia dhAn un Staotavpoluevy dlauépion,
¢ onolag to {5,6,7, —4} eivou éva yépoc. H andderln ouveyilel dnwe xou oty nepintwon tou
tOnou A, Ue U6Vo aoHUAVTES DIUPOPOTONGELS" Ol AETTOUEPEIES AP VOVTAL GTOV AVOLYVAOTY).
Téhog, yia va ouunepdvoupe v E€lowon (4.3.1) entyeipnuatohoyolye 6nwe xon oty onddet-
En tou Afpportoc 2.4.1. H anddeifn tou [3, Ocdpnua 2.3] deiyver 6t o1 dapepioeic m € NCB(n)
Ywele undevind uépog, ywelc uéen e éva otolyelo xou ue 4 Celyr W UndeVixwy Uepnv elvon o
éva mpog éva avtiotoyio pe ta Lebyn (S, f), 6mou S eivan éva unoolvoro tou {1,2,...,n} pe i
otouyefa xou f: S — {2,3,... } eivar pla ouvdptnon ue tipée tou adpoilouv oto n. Ilpogavac,
0 Thflog auTdY Ty Leuy®y diveton and to deli péhog e (4.3.1) xou 1 anddelln éneton. |

4.4 To obotnua ptllwv D,
Avuth 1 evonta anodeixviel 1o axdhoudo pépog twv Oewpnudtwy 4.1.1 xar 4.1.2.

ITpotaon 4.4.1. I'a to ovotnua pilov @ tirov D,, éovpue:

G(®) = (n—2)- #{r e NCA(n—1) : || =i}

av 1 =0
B -2 n-—1 n—2 .
- . ) , av 1 <i<n
) 1 —1 1—1
Kai
av 1=10

-2 21—-2 n-2

<1< .
T o1 gi—g @ 1sisnfl

INo T mpwteg TIUES TOU N EYOVYE

T + 622 + 223, v n =
i (B)a' = r + 1822 + 1823 + 3x*, av n=>5
=0 {Z B + 4022 4 803 + 40z* + 425, v n =
+ 7522 + 25022 + 250z* + 7525 + 528, av n=7

pdels
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T + 222, av n=4
[n/2] + 922, av n=25
Z (@) 2t = x + 242 + 8x3, av n =26
i:O{ v 4 5022 4 5023, av n="7
= + 9022 + 18023 + 3024, av n =S8.

Edxoha npoxtnter and v Ipbdtaoy 4.4.1 pio ouvduaotixr epunveio yia toug aprduoie &(P):
BA. [51, Evétnta 11.3]. Qotéoo de yvwpilouye pio mou vo cuvddet pe tic avtiotoryes twv Hpo-
tdoewy 4.2.1 xou 4.3.1 yio Toug toOnoug A, xou By,.

O axdrovdoc ocuyfolioude xar to anoprduntixd anotéheoua Ya yenotpononody oty ond-
oeign e [pdtaong 4.4.1. Ou ypdpouue

n

- I 1 n n-1

Crl) = E{z"lz E xnllzgz’—i—li j z
) =0

TeNCA 7eNCA(n)
pidei]
F(z,t) = Y Lo@t" = t+Q+2)+(1+3z+27) 5+ (4.4.1)
o1

Téte (BA., yio napdderypa, [51, E€lowon (11)] xa [61, Aoxnon 6.36]) éyouye
F(z,t) = xtF%(z,t) + (1 + )t F(a,t) +t. (4.4.2)

Emypdgoupe tic xopugée tou Saypdupatoc Dynkin D(®) ue ta otoyeia tou I = {1,2,...,n}
€101 WoTE oL xopuYEC © ot i + 1 va elvan yertovixéc 610 D(P) yio 1 < i <n—3,evd nn—2 va
elvan yertovixd| e g n — 1 xou n.

Arnédaén tng Hpdraong 4.4.1. 'Eotw ly(x) == £;(D(®),z) = [ 6i(P)z" yiao n > 4. O npo-
TEVOPEVOS TOTTOS Yial Toug aptdpoic £;(P) eivar 1oodivapog pe v eZiowon

ly(z) = (n—2)zCp1(x). (4.4.3)

O tirnog yua toug aprdpoie & (P) éneton and auth xat Tov Yvwotéd timo (BA. [51, Ilpdtaon 11.14])
Yot 10 y-rohuvavupo tou Oy (). Luvende, apxel vo anodeilouvue Ty (4.4.3).

Kat’ apydc, enavadioatunavoupe 1o de&l péhog e (4.1.1) wc €. T 1 < r < n, da
ovuBoiilouvye e J, 0 culhoyh Ghwv twv utocuvolwy J C I to omola mepiéyouy ta ototyeia
{1,2,...,7 — 1} akhd& dev nepiéyouv 10 1. Xpnowonowbviac v Ipdtaon 2.2.1 (v) xar v
nepintwon tou tOnouv A, and to Afppa 2.2.3, Beloxouue 61t

+ b1 (), av r=1
F$Cr_1(x) bp—r(z), oav 2<7<n-—3
Z (=) h(AL(D)),2) = éJ av r=mn—2,
JEJ'“{ Gn—2(x) — Cp_1(z), av r=n-—1,
L Cn—1(x), av T =n.

Q¢ enaxbdhoudo, n EZlowon (4.1.1) propel vo gnovadtatunwie! og

n—3
ln(z) = h(A(®1),2) — lna(z) — Z r—1(2) bn—r(z) + Cn—2(z) — 2C,_1(x).
r=2
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LUVETAOC, YPNOWOTOIOVTIS ETAYWYT 6T0 N, apxel vo anodetyel 6Tt

AL (®r),z) = (n—2)x Cp_1(x) + (n—3)x Cph_a(x)
n—3
+ > {n—r — 2)2Cr_1(2)Cpy_1(x) — Cp_g(z) + 2C,_1(z) (4.4.4)

F=2

v n > 4. '‘BEotw 6t ouyPBolilovype pe Ry (x) 1o de&i péhoc e E€lowone (4.4.4) xou pe Sy (z)
0 dbpotopa mou eugaviletar exel. poxinter evdéwe and v (4.4.1) 6t

n>4

- OF
> {'n(:n)t = :ct?’F(:z:,t)E(:r,t) — @’ F?(z,1).

Xpnowonowdvtag v (4.4.2), énwe enlong xan Ty e€lowon mou mpoxinTel and auTh TapoywYi-
Covtag we mpog t, UmoPOVUE VoL ERAVABLITUTOOUPE TNV TRONYOVUEVT EEI0WOT WS

n>4

> {Sn(a:) " = 2(1+a)t?F(z,t) + 26> — 3t F(x,t) + (12 — 3 — at?) %—};(x,t).

E&iodvovtog toug ouvteheatés tou t” ota 800 péhn e avetépw e&iowong, cupnepaivouue 6T
25n(2) = (n—=4)Cni(z) = (n = 4)(1 + 2)Cpa(2)
X AOY® autol 6Tt

n n
Ru(z) = (n—2)xCh_1(z) + §C’n_1(az) + (5 —1)(z — 1)Cph—2(x).
H EZiowon (4.4.4) éneton pe eudeic unoroytopoic and tov t0mo yio 1o h(A4 (D), z), tou diveton
v TV nepintwon tou tinou Dy, oto Afppa 2.2.3, xou Ty tponyoluevy éxgeact yia 1o Ry (z).
Autd ohoxhnpdver Ty anddeln Tng mpdTaoyC. O

IMapathenon 4.4.2. Pucioloyxd tpoxinTel 10 epd TN Yo uio anddelln g Hpdtaone 4.4.1,
mo ouuBaty ye to nvebua Twv avtiotoywy Y Ti¢ Ilpotdoeig 4.2.1 xan 4.3.1.

4.5 Andodeiiln TV CLUYXEVIPWTIXWY ATOTEAECUATWY

Avtn 1 evénta diver anodei€elc Yo ta Ocwpriuata 4.1.1 xou 4.1.2 xou to [Iépiopa 4.1.3.

Anédaén twv Ocwpnudrwr 4.1.1 kar 4.1.2. O nepuntioes X' € {Ay, By, Dy} xakbntovton ond
tic [potdoec 4.2.1, 4.3.1 xou 4.4.1. Tha X € {Fy, Eg, Ev7, Eg} ot npotewvdpevol tinot €novion
and ty (4.1.1) pe avohutixolc unohoytopolc, Tou yenotwonotody tov tHno yio o (A4 (P), x)
nou divetar oto [11, Evétnta 6]. Méver va oyohdoouye Tic nepint@oelc tov tinwy Io(m), Hs
xot Hy.

IMa toug tomoug Ix(m) xa Hs, éneton and ) Yewpla v tomxdv h-Svuopdtov (BA. Oco-
enua 2.1.4 (yv)) 61 & (T(P), z) = tz, 6nou t elvon 10 TAAYOC TV ECOTEPIXDY X0puPHY Tou I'(P).
‘Eyouvpe t =m -2y X = I(m) xou t =8 yia X = H3 (BA. [20, Eyrpa 2] A Hapatipnon 4.5.1)
xou ot tpotewvopevol tontot énovtar. ‘Eotw X = Hy. Ané uc (4.1.1), (4.1.2) xau 10 yeyovée 6t
&o(P) = o(P) = 0 naipvouye

£1(®) 2(1 +2)° + &(P)2* = Z{—l)” T h(AL(2), ).

JCI
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Oétovtog x = 1 0Ny mponYoLUEVY Lo6TNTA, TaipVOUUE

46(®) + &(®) = Y (- TNt (@)), (4.5.1)
JCI

6mou e N1 (¥) ouuPorilovpe 10 mifdoc twv edpmdv tou Ay (P) (100d0vaya, To TAhdog TV
Yetixddv ounvodv yio 1o obotnua plov ¥). To 8e&i péhoc tne (4.5.1) unopei va unoloytotel
g0xoha (twoltan pe 208), ypnowornowdvrac tic [40, Mpbdtaon 3.9] xou Hpdtaon 2.2.1 (v). Agol
o apdude & (P) = £1(P) wolta e 1o TARdoc TwV ecwTEPXOY xopuPWY Tou I'(P), éyoupe
&1(P) = 42 (BA. Hopatrpnon 4.5.1). And my EZiowon (4.5.1) unohoyiloupe &2(P) = 40. O

Arnddeaén wov Hopiopatog 4.1.3. To Oetdpnua 4.1.2 delyver 611 T0 ndpiopa oy el dtay o P eivo
avaywyo. H yevixd nepintwon énetar and ta Afupota 2.1.6 xou 2.2.6. O

IMopathenon 4.5.1. Eneton and 1o anoteréopata tou [59, Evétnra 2] (BA. enione Oewpn-
po 2.1.4 (y)) 6t o aprdude £1(P) = &1 (P) eivan ioog pe 10 TAAYOC TV ECHTEPIXWY XOPUPWY TOU
['(®). Autéc ot xopugée eivar axpiPide ot Yetixée pilec tou @ pe gopéa foo pe IT (100d0vaya, ot
Vetnée pilec mov dev avixouy ot xavéva napaBohxd yvioto vroolotnua pilodv @ 7). To mhidog
v ptldv aut®y vrnohoyiotnxe and tov Chapoton [28] xou emdéyeton éva xouod, opotbpoppo
t0mo- BA. [28, IIpbtaon 1.1]. Oa frav evdiagépov va Ppedolv opotduoppes epunveiec B tomot yta
toug apipolc 4;(®@) f &(P) yo dhhec Tipéc Tou 7. Ae yvwpiloupe xdmowa anhf xhetot Exppaom
vt Toug aptdpole ¢ (P) oug mepintwoelg tonou A, xou By,

'Eyouvye emPefouwdoet 6Tt Tt TOMXd h-TOADVLUA TRV UTOBIUEECEWDY CUNVOY HEYEL XaL DEXJ-
Tou Poaduol €youy povo npaypatixéc pileg. Koatd ouvénewa, elvon QuUOIOAOYIXG Vo EIXAGOVUE TNV
axohouvdn npdtaoT.

Ewooia 4.5.2. To rolvdvuuo £i(D(P),x) éya pdvo mpayupatikés piles ya kdlle ovotnua
pily D.



Kegpdiowo 5

To »uBxd h-otdvuouo TNS XLBXNC
BapuUKEVTPIXNAC UTOOLAULPECTC

5.1 Ewaywyn

To napbdv xepdhouo eivan ev pépet epnvevopévo and to dpdpo [24]. e autd o dpdpo, ot Brenti
xar Welker peletolv to petaoynuatiogd tou h-draviouatog evog LOVOTAEXTIXO) GUUTAEYUATOS
A urd Bapuxevtpnr| unodiaipeor. Exgpdlouv Tic ouvtetayuévee tou h-diaviouatog g Popu-
XEVTPIXNG UTOBLOPESTS TOU A ¢ UN ApVNTIXOUS aXEQUOUE YRUUUX0US GUVBVAGUOUS AUTOY TOU
h-diavioyatog tou A. Ewdixdtepa, delyvouv 6Tt 1 CUUUETEIXOTNTA XOL 1) U1 AEVATIXOTATA TOU
h-Braviopatog Sratnpolviar und Bapuxevipiny unodiipeon. Emnpbdodeta, anodexviouy 6t av
10 h-didvuopa tou A eivan un apvntixd, 161 10 h-noluddvupo g Bapuxevtprc unodiaipeong
tou A €yel uévo npaypatixés pileg.

Ebloya mpoxlmtel 10 gpOTNUa x0td T600 1000V TAPOUOL AMOTEAEOUATO YLl (1] UOVO-
mhextixd ovpnhéyuota. Mehetolue To petaoynuatioud tou Peoayéog xuPixod xo tou xuPixod
h-Biavioyatog evog xuBixol cupmhéypatog K und xufix Bapuxevtpwr unodiatpeon. To x0-
plot amoTeAéoUaTd Woc ex@palouy TiC ouvTeTayUéveg Tou Poayéoc xuPxol xou tou xuPixol h-
draviopatoc e xuPixic Bapuxevtpixhc vrodiaipeons sd.(K) tou K we pn apvntixolc ypouul-
%00¢ oLUVBVLAOUOUE TWV CUVTETAYUEVLY TOou avtioTotyou h-dlaviouatog Tou K (Oewphuota 5.2.2
xou 5.3.1). And autéc Tic expdoeic oUUTEPAVOUUE HTL 1 CUUUETEIXOTNTA Xou ) WN apYNTIXETHTA
Tou Ppayéog xuPxol xat Tou xuPixol h-Slaviopatog, dnwe enlong xou 1 HTUPEN LOVO TEUYUATIXGDY
etV yia 1o Ppoyd h-noluwvupo, Swtnpolviar und xuUPixY Bapuxevtpxr unodaipeoy. Enlong
HEAETOOUE TNV QOUUTTOTIXY CUPTEPLPORd Tou PBeayéog xufBixol xo Tou xuPxol h-toAuwvipou
und Bradoyixés xuPinés Papuxevtpixés vnoduupéoels (Ilopioyata 5.2.8 xou 5.3.5).

5.2 To Bpayd »xuBiuxd h-SLavuoua

Avth 1 evétnra peketd to Bpoyl xuPixd h-tohudvupo tou xuBixol cuunhéypatos sde(K)
WS TPOS TN UN ApVNTXOTNTA, TN CUPHETEIXOTNTA Xou TNV Umaplrn wévo mpoayuatixadv plley. E-
mlong e€etdlel TV AoLUTTWTIXY CUUTERLPOPA Tou PBeayéog xuPBixol h-TOALWVOUOL TNE N-00THS
enavohauBavouevne xuPixic Poapuxevtprc unodiaipeong tou K, xadde to n telvel 6To dnelpo.
Ye auth xou otV enduevn evotna, 10 K oupPolilet éva (d — 1)-didotato xuBd obumheypa.

TMa va exppdooupe 1o Bpayh xuPxd h-didvuopa tou xuPixol cuunhéypatoc sd.(K) we npog
auté tou K, mpénel mpdTa Vo tpoadloploovye T oyéon petadl TV avtioToywy f-Blavuoudtoy.

ol
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Ilpétaom 5.2.1. Ta f-Gwavdouara twr K kaisd.(K) ovoyetilovtar ws €£nig:

d—1

fi(sdo(K)) = 222{‘2 fi(K), i=0,...,d—1. (5.2.1)

i=i

Anddaén. YTreviupilouye 61 xdle i-didotatn mhevpd tou sd.(K) avtotoryel oe éva xhelotd
didotnua [z, y] 1é4Eng i oo peptxds dwtetaypévo olvoho twv TAevpdy tou K. T va anaptd-
pfooupe autd ta SwoTthpata, mapatneolue 6t undpyouv f;(K) tpémol i vo emhéZoupe o
mhevpd y tou K Soouévng didotaong j. Aol xdde tétola mhevpd elvar évag ouvduaoTixdg j-
x0Boc, undpyouv 2¢ z TeoTOL Vo emAeyel pla TAeupd  Tou y ouvdldotaong . Katahhyouue
ot0 oupnépaoua 6Tt undpyouv 2 Jz fi(K) dwotiuata [z, y] tdEng i 0T0 Uepnds BIATETAYUEVO
obvolo mhevpdv tou K ye dim(y) = j. Adpoilovtag oe 6ha T j > 4, madpvoupe v (5.2.1). O

Ocevpnua 5.2.2. Ta Ppayéa kupixd h-twavvouata twr K kaisd.(K) ovoyetilovtar ws €ijs:

s

—1
) (sdo(K)) = Y B(d,i, ) ¥ (K), i=0,....d—1, (5.2.2)

<.
I
o

omov o1 ourtedeatés B(d,i,7) eivar un apvnuixoi pnroi apiduol, mov divortar and tn yevvijtpa
ouvvdptnon

d—1
_ 1 . _

> Pldi gt = o B+ 1) (@ + 3)d-1-7 (5.2.3)
1=0

Anddaén. H Egiowon (5.2.1) unopel va enavadiatunwie! og
F6d(K) ) = (K, 1+22), (5.2.4)

onov f(K,z) xou f(sd(K),x) eivon to f-nohu@voupe tov K xo sd.(K), avtiotoya. Xenowo-
rowdvtog Ti¢ (2.1.6) xou (2.1.7), unopolue va ypddoupe tnv (5.2.4) otn wopet

3r+1

2971p59) (sd(K), ) = (z+3)7 'R K, P

, (5.2.5)

étol WoTE

U
—

WO sde(K), ) = gy {§30>(K)(3x + 1) (2 +8)1,

<.
Il
o

To anotéheopa npoxintet e€loGVOVTUC Touc ouvteheoTéc Tou T oo Blo Péhn authc Tne 1odTY-
TOlC. O

‘Eva dtdvuopa (ag,ai,...,an—1) € R"™ xakelton un opvnuxd (avtiotorya, ovupetpxd) av
a; > 0 (avtiotorya, a; = ap—1—;) Yl xd0e 0 < i <n—1.

IMopiopa 5.2.3. Av o K éya un aprnuké Ppayd kupixé h-didvvoua, téte to 1010 wyle kai
yie 7o sd.(K).

Anddaén. And vy EZiowon (5.2.3) npoxinter 61 o ouvtekeotéc B(d, 1, j) elvan un apvnuxol
yioe 6ha tat 0 < 4,5 < d — 1. Katd ovvénewa, to néptopa npoxintet and tny (5.2.2). O

IIopiopa 5.2.4. Av 1o K éya ovupetpikd Bpayv kupfiké h-didvvoua, téte to 1010 10y de ka
yie o sd.(K).
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Anddatn. Avixadiotédvtag 1o = ye 1/x oty (5.2.3) ot molamhaociélovtag pe 2971, npoxintel

ot
B(d,i,j) = B(d,d—1—i,d—1—7j).

Trodétoupe 61 10 A5 (K) eivon ouupetpixd, étor bote va toydet bt h((is_c)l_j (K) = hgsc) (K)

viobhata 0 < j<d—1. Téte

h$?) (sde(K)) = Z_: (d,d—1—4,5) b (K)
= Z_: (dyd—1—i,d—1—k) A _ (K)

_ Z (dyi, k) PO () = B9 (sd (K))

2

ot ouvencde o h%9) (sd.(K)) eivor exione ouppetod. O

IMopiopa 5.2.5. To Ppaxyt kypiké h-modvdvuuo tov K éyer pévo mpaypatikés piles av kai
pévo av wxvea o 610 ka1 ya o sd.(K).

Anddaén. O woyvpouds npoxdntel ebxola and v (5.2.5). Agrivoupe tic Aentouépeiec oTov
aAVAYVOTTH. O

IMapddeiypa 5.2.6. o to cuvoptaxd cbumheypo K tou tpididotatou xOBou €youue h(;c)(x) =
8(1+z +22). Auté 10 Tohudvupo éyet DeTixolc ouvteheaTéc xat B0 P Tpaypatixée pryadixée
pilec. And ta Ioplopota 5.2.3 xan 5.2.5, npoxintet 6Tt 10 (B0 1oy ber xa Yo To Ppoyd xuPixd
h-rohu@yugo tou sd.(K). Autd 1o mopdderypa €pyetar oe avtideon pe autd mou oy el Yiol TG
BopuxevTpixéc UTODIUPETELS TWV HOVOTAEXTIXWY ouumheypdtov (BA. [24, Oedpnua 3.1]).

YuuBohiiCouye pe sdf} (K) tny n-ooth enavokopfovouevn xuBixn Bapuxevtpixt unodialpeot Tou
K. Toodivapa, éyoupe sd2(K) = K xa sd?(K) = sd.(sd? " (K)) yie n > 1. To Bpoyl xuBuxd
h-tokudvugo tou xuBxol oupmhéyuatog sdy (K) éyet tny axdhoudn anhy éxgppoom, ouvapthoel
Tou Bpayéog xuPxol h-toAuwviuou tou K.

Ilpbtaom 5.2.7. Ta Bpayéa kupixd h-rodvdruua twr K kar sdy (K) ovoyetilovtar o €£ig:

n _ n d—1 n n _
RO (s (K)z) = B DEFZHT T ey g T Dot 2

2 2r—-Dz+2n+1

(5.2.6)

Anddaén. H npbroaon éneton and v (5.2.5) pe enaywyr 6o n. O

Ané 1o axdhovdo ndpiopa mpoxintel bt Oheg ot wryadiés pilec tou Ppayéoc xuPxol h-
rohuwvipou tou sdy (K) ouyxhivouy oto —1 xodde n — co.

IIépiopa 5.2.8. I'a d > 2, éyovue du

1
on(d—1)

RO (sdM(K), z) — fa_1(K) (x4 1)

owvtedeaTnS mpog owvtedeotn), kalag n — oo. Eidikdtepa, to Ppaxv kuPiké h-moAlvdvuvuo tov
sd?(K) éxa Oetikols kar povétporouvs ouvtedeotés yia dha ta apketd peydla n.
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Anddaén. H npwtn npdtaon éneton pe eudeic unoroytopolc and v (5.2.6) xat 1o yeyovoe ot
RE(K, 1) = 2971 f; 1 (K). H dehiepn npdraon énetor and Ty mpGTN Xt TNV EUPERS YVWOTH
1OOTNTA LOVOTEOTING TV BIWVUUIXMY GUVTEAECTAOV. O

IHopathenon 5.2.9. Ac yvwpilovye xdnolo nopdderyua xu@mo() oupn)\éypatoq K Yo 10 omolo
10 W59 (K) va eivan un apvntind xan to h59 (sd.(K), ) va unv eivar povétpono.
5.3 To xuBwxd h-didvuoua

Avutr n evotnTa anodexviel anoteréopata yiot To xUPBd h-didvuoua Tou xuPixol cuUTAEY-
potog sde(K) avéroya pe autd e Evétnrac 5.2 v to Bpoyd xupixd h-didvuopa.

Ocewenua 5.3.1. Ta kypikd h-twavdopate twr K ka sd.(K) ovoyetilovtar ws €&ng:
d
W (sde(K)) = Y C(d,i,5) W (K), (5.3.1)
j=0

omov o1 owvtedeotés C(d, i, j) elvar un apvnuixol pnrol apiuol, mov divovtar and tn yevvijtpia
ouvvdptnon

d d
L oas B 1 xy (x+3)d—1_(3$+1)d—1yd—1
d phed 1 d+1, d
FO;? i, j)aly T G R = gy P
Z —, L
T (@ 3T+ Bz DT, (5.3.2)

Andden. Aedopévou bt h(()c) (K) = h(()c) (sde(K)) = 2971y EZiowon (5.3.1) wybet yia i = 0
av ¥éoovpe C(d,0,0) = 1 xar C(d,0,7) = 0 yia 1 < j < d. Auté ouvpgwvel pe v (5.3.2),
agol v z = 0 10 6e&l uéhog avdyetan 010 otoepd mohuwvupo ue T 1. Xpnoonowdvtag Tic
(2.1.10), (2.1.12) xou (5.2.2), vnohoyiloupe bt yia 1 < i < d

i—1

9 (sdo(K)) = %H )L R (sdo(K)) + (—1)7 297

= —1)ith= 12 (dy k, §) B () + (—1)F 297

o 2 1)ith= 12 (d, k, ) (B (K) + B (K)) + (—1)iRS) (K)
k=0 7=0

d
= Zf d, i, )b (K),
0

6mouv
i—1

C(d,i,0) = Z({1)i+’f—13(d, k,0) + (—1)° (5.3.3)
k=0
ot

C(d, i, j) Z DY B(d, k,j) + B(d, k,j — 1)) (5.3.4)
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yio 1 < j <d, ye B(d,k,d) =0 v 6ha 1 k. Xpnoonowdviac v (5.2.3), unoroyilovye 61t
yaol<j5j<d-1

d d i-1
S Pt = Y VN (B(d, k, §) + B(d, k,j — 1)) 2*
i=0 i=0 k=0
d—1 d—k
1—(—
- %H) (B, k,5) + B(d, b, — ) ()t EED
1 450
k=0
1 d—1
— )¢+ 1)k
= T3 z Y B(dk,j)a* + (- Z (d, k, 5)(
k=0
d—1
+2 Y B(dk,j—1)ak+ (- +1Z (d,k,j —1)(—1)*
k=0
1 , o ‘o i
= Gy e e 3 o+ (o)t -2yt
+ 23z 4+ 1) Nz + 3)477 4 (—x)dH (—2)~12d7),
YUVETKC
d
N 3x+131x+3d1]
> f(di, g2t = ul ) 2d(3 ) (5.3.5)
=0
Me noapdpoloug unoloylopols, cuUTEPAVOUUE 6Tt
1 o L
Z (d,i,0)" = - T s Tl (5.3.6)
xa
d
1 2@+
Z (d,iyd)a’ = < T st ‘ (5.3.7)
=0

Ané autéc ti¢ e€io®oeic urnopolye va e€dyoupe to ouunépacpa ot ot C(d, i, j) elvon un apvnuixol
entol apripol v dha ta 0 < 4, j < d. Ilohhamhaotdloviac tic E€odoec (5.3.5), (5.3.6) xau
(53N pey yio1 <j<d—1,5=0xnj = d, aviiotorya, xu adpoiloviac oe dha ta j
xatahfyouue otny (5.3.2). O

IIopiopa 5.3.2. Av o K éye un aprnuxd kupikd h-d1dvvoua, téte to 610 1wyler kar yia o
sd.(K). O

IIopiopa 5.3.3. Av to K éyel ovppetpiké kufiké h-6idvuvoua, tote to 610 10y Vel ka1 yia o
sdo(K).

Anddan. ‘Onwe xar otny anddeiln tou [opioyatoc 5.2.4, apxel va deyydel 61 C'(d, d—1i,d—j) =
C(d,i,7) v xdde 0 < 4,7 < d. Auté npoxintet and v (5.3.2) avtixadoTOVTOC T T X0t Y UE
1/x xou 1/y, aviiotorya, xou todkanhaotdlovrag pe zyd. O

IMapathenon 5.3.4. Ac yvwpilovye mopdderypa xufueod ouvuniéyuatog K pe un apyntind
xUB6 h-didvuopa yia to onofo va toyler 6t 1o A9 (sd.(K), ) Bev éyet pévo mpaypartixée pilec.
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Ilépropa 5.3.5. Ta d > 2, éyovue ot

1
on(d—1)

RO (sdM(K),z) — fa_1(K)z(z+1)%2 (5.3.8)

owtedeotiis mpog ourtedeotr, kalds n — oo. FEidikdrepa, av (—1)471¥(K) > 0, tdre to kyfixd
h-roAvdrupo tov sdl (K) éxer un apvntikols kai jovdtponous ouvtedeatés yia dAa ta apketd
peydia n.

Anddaén. Agol to sdo(K) eivan pio unodiadpeon touv K, éyoupe X(sdo(K)) = x(K) (owth
7 bt Tpoxintet enlone and v (5.2.4) Yétoviag x = —1). ZTuvende, e@opuélovtac Ty
(2.1.11) oto sdl(K), éyoupe

(14 z)h O (sd¥(K),z) = 2971 + 2 h0I (sd?(K), z) + 247 (—2) T 5 (K). (5.3.9)

Aromotédvoupe 6t av (—1)471¥(K) > 0, téte hl(f) (sd?(K)) = (=2)T1¢(K) > 0. To anotéhe-
opa npoximtet oand ™y (5.3.9) xou 1o Hbpropa 5.2.8. O
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