SHARP LORENTZ ESTIMATES FOR DYADIC-LIKE MAXIMAL
OPERATORS AND RELATED BELLMAN FUNCTIONS
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ABSTRACT. We precisely evaluate Bellman type functions for the dyadic max-
imal opeator R™ and of maximal operators on martingales related to local
Lorentz type estimates. Using a type of symmetrization principle, introduced
for the dyadic maximal operator in earlier works of the authors we precisely
evaluate the supremum of the Lorentz quasinorm of the maximal operator on a
function ¢ when the integral of ¢ is fixed and also the same Lorentz quasinorm
of ¢ is fixed. Also we find the corresponding supremum when the integral of
¢ is fixed and several weak type conditions are given.
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1. INTRODUCTION

The dyadic maximal operator on R"” is defined by
1
(1.1) M 4¢(z) = sup {@/ |p(u)]|du: z € @, @ CR" is a dyadic cube}
Q

for every ¢ € L{ (R™) where the dyadic cubes are the cubes formed by the grids

2=N7Z" for N =0,1,2,....
As it is well known it satisfies the following weak type (1,1) inequality

1
(1.2) {z € R™ : M ao(z) > \}| < X/ 6(w)] du.
{M adp>N}
for every ¢ € L'(R™) and every A > 0 from which it is easy to get the following L?
inequality

P
(1.3) 1M, < 1 1l

for every p > 1 and every ¢ € LP(R™) which is best possible (see [1], [2] for the
general martingales and [20] for dyadic ones).

An approach for studying such maximal operators is the introduction of the
so called Bellman functions (see [8]) related to them which reflect certain deeper
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properties of them by localizing. Such functions related to the L inequality (1.3)
have been precisely evaluated in [4]. Actually defining for any p > 1
(1.4)

5,1 1.L) = sup{ o [ (Mao)?  Avole?) = P Ava(o) = I, sup Avelo) = L}

where @ is a fixed dyadic cube, R runs over all dyadic cubes containing Q, ¢ is
nonnegative in LP(Q) and the variables F, f, L satisfy 0 < f < L, fP < F which is
independent of the choice of @ (so we may take @ = [0, 1]™) it has been shown in
[4] that

pLP Y —(p—1)LP\P . _p_
(15  BURfL) ={ ton T H<al
L+ GEP(F— ) L2 Ef.

where wy, : [0,1] — [1, ;2] is the inverse function of Hy(z) = —(p — 1)z” + pzP~ L.
Actually (see [4]) the more general approach of defining Bellman functions with
respect to the maximal operator on a nonatomic probability space (X, i) equipped
with a tree 7 (see Section 2) can be taken and the corresponding Bellman function
is always the same.

There are several other problems in Harmonic Analysis where Bellman func-
tions naturally arise. Such problems (including the dyadic Carleson imbedding
and weighted inequalities) are described in [10] (see also [8], [9]) and also connec-
tions to Stochastic Optimal Control are provided, from which it follows that the
corresponding Bellman functions satisfy certain nonlinear second order PDE.

The exact computation of a Bellman function is a difficult task which is connected
with the deeper structure of the corresponding Harmonic Analysis problem. Thus
far several Bellman functions have been computed (see [1], [2], [4], [12], [13], [16],
[17], [18]). L.Slavin and A.Stokolos [15] linked the Bellman function computation to
solving certain PDE’s of the Monge Ampere type, and in this way they obtained an
alternative proof of the Bellman functions relate to the dyadic maximal operator
in [4]. Also in [18] using the Monge-Ampere equation approach a more general
Bellman function than the one related to the dyadic Carleson imbedding Theorem
has be precisely evaluated thus generalizing the corresponding result in [4].

However many Bellman functions related to dyadic maximal operators do not
obey the dynamics that make the Monge Ampere approach, or the linearization
approach readily applicable. Such are the cases related to weak LP as well as more
general Lorentz LP? norms. Recently another approach based on symmetrization,
i.e. decreasing rearrangements, was introduced in [5] and then refined in [11] giving
results as the computation of the Bellman functions related to mixed local LP — L1
estimates (see [5]) the determination of sharp constants in LP»*° — LP**° and in
more general Lorentz LP¢ — LP'? norm estimates for dyadic maximal operators
(see [11]) and also another proof of the result in [4] (see [7]). This method is based
on the following Theorem essentially proved in [11] (see also [5] for a weaker version)
and it refers to the maximal operator M7 defined for any nonatomic probability
space (X, ), equipped with any tree-like family 7 with (see [4]):

Theorem 1. Let G : [0,+00) — [0,4+00) be non-decrasing, h : (0,1] — R* be
any locally integrable function. Then for any nonatomic probability space (X, u),
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equipped with any tree-like family T , for any non-increasing right continuous in-
tegrable function g : (0,1] — RT and any k € (0,1], the following equality holds:

k
Sup {/0 G[(M71¢)*(t)]h(t)dt : ¢ measurable on X with ¢* = g} _

_ /Oka (1 /Otg(u)du) h(t)dt.

Here ¢* denotes the equimeasurable decreasing rearrangement of the measurable
function ¢ : X — R which is defined on (0, 1] since X is a probability space. For
completeness we will give here a simpler proof of the above Theorem. This enables
as to reduce the problem of determining a Bellman type function for the local tree
maximal operator My to a problem of a similar nature but on (0,1] and for the

1

local Hardy operator H(g)(t) = 3 fg g acting on decreasing functions g. This idea

applied to convex G’s has lead to the determination of the Bellman functions

Byo(F.}.L) = sup{ﬁ /E (Mad)? - Avg(¢?) = F, Avo(@) = /.

(1.6) sup Avi(9) = L, E C Q,|B| = k}
R:QCR

whenever 1 < ¢ < p which are given implicitly via certain solutions of related
ODEs (see [5]). However Theorem 1 (see ([11]) allows us to treat problems of more
general nature and the purpose of this paper is to present certain applications of
this method in the case of Lorentz type estimates.

Our first application is related to multiple weak-type estimates and is described
in the following

Theorem 2. Given the real numbers f, Fy,...,Fp, > 0 and p1,...,pm > 1 with

, 1/p
< min{(pfilFJ)
[0,+00) and h : (0,1] — RT be any locally integrable function, we have for the
following Bellman type function

"1 < j < m} and given any nondecreasing G : [0,4+00) —

T
BG,h,m,wp

k
AFy, o Fo, [ E) = sup{/0 Gl(M71¢)*(t)]h(t)dt : ¢ > 0 measuradble on X

with ||¢H1 = f7 ||¢Hp1700 S F1, cey ||¢||pm,oo S Fm}

the equality
(1.7)

- k 1 min(t,o} ) F] 1/p;
BG’h,Pl,‘u,pk (Fl, ...Fk,f, k) = /O G EA lg}lgnm (u) du h(t)dt

where o is defined by the equality

o A\ 1/p;
(1.8) min (E) du = f.

0 1<j<m U

Using the above Theorem we find the LP»>° — L%" Lorentz type Bellman function

for the maximal operator. To make the result more readable let us denote by p’, ¢’

the dual exponents of p,q > 1 (so p’ = p%l)
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Theorem 3. Given 1 < q < p and r > 0 the Bellman function:

B(T;)Oo)’(q)r) (F, f, L) = sup{|/max(Mro, L)||2q,,‘(X’H) 1 ¢ > 0 is measurable with
(1.9) Il = 5 N@MEr e (x) = F)
defined for 0 < f < p'F'/? and f < L is given by
(1.10)
/
40 =V vty (568 pis=h 4 D _ 9y pia
r(p—q) r "
r e\ YD)
. when L < (p')P (7)
B F,f,L)= r
(p,oo),(q,r)( f ) MFELTO—%) .
o 1)
, 1/(p—1)
/ F
when L > (p)P (7) :

The proofs of the above two Theorems are given in section 3.
Next we define the Bellman function related to a Lorentz LP'9 — LP9 type
estimate for the (martingale) maximal operator, where p, ¢ > 1 are arbitrary

BL! (F.f) = SUp{|| M7 ¢! 7p.0(x ) : @ > 0 is measurable with

(1.11) 1l 1 x ) = Fo N0l Tmagxy = F-

In [11] it has been proved that Mz satisfies an LP? — LP'9 estimate with best
constant p’. Here we will determine the exact form of the corresponding Bellman
function (1.11). We have.

Theorem 4. The Bellman function (1.11) is defined for all pairs (F, f) with (i)
N\ 71

0< f1< (%) Fif1<p§qand(ii}0<fq§%Fifl<q<pandmboth

cases it is given by

Nl I\ 9=1 g\ ?
(1.12) BLT (F,f) = <Z’> wq<<zl> 9) F.

Here w, : [0,1] — [1,¢] is the inverse function of H,(z) = —(q — 1)29 + gz9~!
(defined on [1,q']) thus the same function as the one appearing in the Bellman
functions of the usual LP norms. Note though that in the case 1 < ¢ < p only
a restriction of Hy is inverted (see the proof of this theorem). Also we note that
the case ¢ = 1 could be inferred from this Theorem but it is easy to see that since
fol w2 fot g(u)dudt = p’ fol(tifl — 1)g(t)dt that from Theorem 1 Bﬁzl(F, f) =
p'(F — f). In section 4 we will prove Theorem 4.

2. TREES AND MAXIMAL OPERATORS

As in [4] we let (X, u) be a nonatomic probability space (i.e. u(X) =1). Two
measurable subsets A, B of X will be called almost disjoint if (A N B) = 0. Then
we give the following.

Definition 1. A set 7 of measurable subsets of X will be called a tree if the
following conditions are satisfied:

(i) X € T and for every I € T we have p(I) > 0.

(ii) For every I € T there corresponds a finite subset C(I) C T containing at
least two elements such that:
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(a) the elements of C(I) are pairwise almost disjoint subsets of I,
) 1=Uc.
(i) T = U,,>0 T(m) where Tio) = {X} and T(yy1) = UleT(m) C(I).
(iv) We have lim sup wu(I) =0.
m—oo T1€T(m)
By removing the measure zero exceptional set E(7) = U;cr Ui, necr (J1NJ2)
Jr#£J2

we may replace the almost disjointness above by disjointness.
Now given any tree 7 we define the maximal operator associated to it as follows

(2.1) Mré(z) :sup{ﬂ(l])/l|¢|du:$ eIeT}

for every ¢ € LY(X, ).

The above setting can be used not only for the dyadic maximal operator but
also for the maximal operator on martingales, hence many of the results here can
be viewed as generalizations and refinements of the classical Doob’s inequality.

The following Lemma has been proved in [4] and provides the basis of construct-
ing examples that show sharpness.

Lemma 1. For every I € T and every a such that 0 < « < 1 there exists a
subfamily F(I) C T consisting of pairwise almost disjoint subsets of I such that

(2.2) WU D= 3 ul) = (1-a)u(D).

JeF(I) JeF(I)

Then we have the following Lemma which give the one side of Theorem 1.

Lemma 2. Given any nonnegative integrable ¢ on X we have*

(23) (roy @) < 1 [ 0"y

for every t € (0,1) and therefore whenever G, h,k are as in Theorem 1
k k 1 [t

(2.4) / Q(Mrd)* (Dh(t)dt < / G <t / ¢*(u)du> h(t)dt.
0 0 0

Proof. Fixing t € (0,1) let o = (M7¢)*(t) = inf{\ : p({Mr¢ > A}) < ¢}. Then
given any A < a we have u({M7¢ > A}) > t and using the decomposition of
{M71¢ > A} as a disjoint union of elements I of 7 maximal under the condition
J; ¢dp > Au(I), we conclude that there exists measurable A C X with pu(A) > ¢
and fA ddp > Mu(A). But now since ¢* is decreasing we have

1/t 1 n(A) . 1
2 hezaml oz e

This holding for any A < « implies (2.3). O

The construction in the next Lemma appears also in [11] and provides the other
half of Theorem 1. We include a simpler proof for completeness.
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Lemma 3. For G, h,k and g as in Theorem 1, there exists a sequence of measurable
functions ¥ : X — RY such that Y% = g and

(2.6) lim sup y_, /Ok G[(Mzyn)* ()]h(t)dt > /Ok G (1 /Ot g) h(t)dt.

Proof. Fixing a with 0 < a < 1 and using Lemma 1, we choose for every I € T a
family F(I) C 7 of pairwise almost disjoint subsets of I such that

(2.7) S ) = (1 - au(D).

JeF(I)

Then we define S = S, to be the smallest subset of 7 such that X € S and for
every I € S, F(I) CS. Next for every I € S we define the set

(2.8) Ar=1\ |J J

JeF(I)

and note that u(Ar) = ap(l) and I = U Ay for every I € S. Also since § =

Jes
JCI

Um0 S(m) where Sio) = {X} and S(,41) = Ules(m) F(I), we can define rank(I) =
r(I) for I € S to be the unique integer m such that I € S,,) and remark that

> w(J) = (1 —a)™u(I) for every I € S. For any m > 0 let
S§3JCI
r(J)=r(I)+m

2.9 71 e d
(29) = g o S0

and for any I € S(,) i.e. rank([) = m, since u is nonatomic we can choose a random
variable Ry : A7 — [0, +00) on the probability space (Aj, u(+ﬁ)'“) having the same
distribution as the restriction of g on the probability space ((1 —a)™*!, (1 — a)™]
with measure Wd)‘ (X being Lebesgue measure). Then define

¢o(r) = Rr(x) when x € Ay, I € S.

For and any s > 0 the disjointness of the A;’s implies that

p({pa > s}) = Zu({z € Ar: Ri(z) > s}) =

IeS
=D D - ,,Ll{e (1= )™ (1 —a)™: g(t) = s}| =
m>OI€S(m)

={t € (0,1]: g(t) = s}|

hence ¢, and g have the same distribution and since g is nonincreasing and right
continuous on (0, 4(X)] we conclude that ¢ = g. Moreover

(badu = TYm
w(Ar) Ar
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for every I € S with rank(I) = m and thus
Avi(60) = /qsa f—z bad =
Ay
€S
Jg
Zﬂyé—i-rank(l) Z M(J) =
e>0 S§3JCI

rank (J)=rank (I)+¢

1 (1—a)™

- O‘Z%rm(l —a) = (1—a)m/ g(u)du
>0 0

(1—a)™

implying that Mz¢ > (I_L)m

g(u)du on the set U I which has
IeS:r(I)=m
measure (1 — «)™ and thus (Mzo,)*(t) > Wfo(l_a) g(u)du for every t €

(1 =a)™* ' (1 —a)™).

Now with N large, taking ay =1 — (1 — k)N and ¢y = ¢a, we have

(1-k)'T R (k)R
/ Gl(Mrin)* dt>ZG< 1+m/o g(u)du)/( . h(t)dt

1—k)

the last sum converging to fok G ( fo ) t)dt as N — oo by monotone conver-

gence. This completes the proof. ([

3. THE CASE OF WEAK TYPE CONDITIONS
Here we will prove Theorems 2 and 3. Theorem 2 follows from the following more

1/p;
general Proposition by taking R(t) to be the decreasing function min; <;<m (—’) "

Proposition 1. Let R : (0,1] — (0, +oo) be a decreasing, continuous and integrable
function and for any f with 0 < f < fo t)dt let o = o(f) be the unique number
in (0,1] with fo = f. Then for cmy (X, 1, 7),G,h,k as in Theorem 1 we
have

k
sup {/ G[(Mzo)*(O)]h(t)dt : ¢ > 0 with / ddp = f and ¢* < R} =
0 b'e

(3.1) _ /O’f a (1 /0 t R(u)x[oﬂ(f))(u)du) h(t)dt.

Proof. By Theorem the above type supremum but fixing ¢* = g is equal to fok G (% fot g(u)du) h(t)dt.
But we must have g(t) < R(t) for any ¢ and folg = [y odp = f =[] R we con-
clude that one the one hand f(fg < fOtR when 0 < ¢t < ¢ and on the other
t 1 o’
hand [jg < [ig = [J R fo IX[0,0(r)) (w)du when o < t < 1 we get
G (% fot g) <G (% fot RX[O,G)) for all t. Thus using the converse implication in

Theorem 1 for the decreasing right continuous function Rx[g, ,) completes the proof
of (3.1). ]
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Now to prove Theorem 3 we remark that using Theorem 2 with G/(z) = max(x, L)",
h(t) = ti~! and m = 1,p; = p that the expression 5(7; oo),(a o (F, f,L) in (1.9) is
equal to the following expression (actually we get the supremum under ||¢||%, « (Xp) S

F but it is easy to see that at the extremum above we have the equality ||¢>Hip,oo(Xu) =
F)

1 . 1 min(t,o} F 1/p "
(3.2) / ta ! max (/ () du,L | dt
0 t Jo u

where 0 = 0,(F, f) is given by [/ (%)Up du = f thus

’

(33) o= (pr/) .

Next note that using (3.3)

1 min(t,o} F 1/p 1 ) P 1/p
(3.4) n / ( > du = p’Fl/”g min(¢, 0)1’5 = min | p/ () i
0

w t "t

and so we have to compute the integral fol ta~'S(t)"dt where X(t) is given by

(3.5) (t) = max <min <p' (f) . J;) ,L> .

P
Observing that L > min (p’ (%)Up,%) if and only if ¢ > % ort > (%) F we

consider two cases: . ,
f p’ P . ny (F =T i f f P
Case 11f + < (f) F thatis L < (p') (7) we easily get + > (W) =
o and therefore we have

’(%)1/1) when 0 <t <o
Whena<t§%

when £ <¢ <1

hS!

S(t) =

S

and then computing the corresponding integral fol tgflE(t)rdt we get the upper
half in (1.11).
'\ P / piil I\ P
Case 2 If% > (%) F that is L > (p/)? (?) we easily get (%) F <

. \P
(p,gil/p) = ¢ and therefore we have

/

p’ (%)1/17 when 0 <t < (% F

N(t) = NP
L when (%) F<t<l1

and then computing the corresponding integral fol tgle(t)”dt we get the lower
half in (1.11).
These cases complete the proof of Theorem 3.
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4. PROOF OF THEOREM 4

In view of Theorem 1 and by setting ¢* = g it suffices to determine the supre-

1
mum of the expression A(g) = fol (tv* fg g(u)du)q% when ¢ runs over all nonneg-
ative decreasing right continuous functions on (0, 1] satisfying fol g(t)dt = f and

fol (t% g(t))q% = F. Considering first any bounded such function g we compute by
integration by parts

/ [ gy gy = / [ gty =

0 q 0

_ 1 ' q 21 ' 51 ' gt _ /1
= <[ stwawr+ -3 [ [gand =Lt Za).

But using Young’s inequality xy < ’”q—q + yqi/ in the first integral as follows,where

v = % — % and A > 0 will be determined later
1 ) t 1 1 1 t
/ tq(;—l)(/ g(w)du)i™ g(t)dt = / t—7+‘1(5—1)(17/ g(u)du)?= (Ag(t)t7)dt <
i i ; N/

1 [t I Cot
<= / Xg ()T 9dt + ~ / A4 glmrra(G=Dle / g(u)du)dt =
q.Jo q Jo 0

’

¢ 1 g Aot ¢ X A4
N g(t)%tr " dt + /trq‘l(/ g(u)du)idt = —F + A(g).

/! /

q Jo q 0 0 q q

Therefore we have by writing § = %: and taking A9 = (8 + 1)d, 8 > 0 and using
the above inequalities that

B (1 A NF — f
mA(Q) = < ; 7 ) A(g) < R

and so

. 66 +1(B+1)a71697 1 F — fq'

- B q—1

Next, given an arbitrary g, the above estimate can be used for the truncations
guv = min(g, M) and F, f replaced by the corresponding quantities for gp; and

then take M — 400 and use monotone convergence to infer that (4.1) holds for
the general nonnegative decreasing right continuous function on (0, 1] satisfying
Jy 9(t)dt = f and [y (trg()* 5 = .

As has been also remarked in [4] it is easy to see that the right hand side of (4.1)
is minimized when (3 satisfies the equation H,(8 + 1) = <$<1{7qu < 1 (which is well
known that it is < 1, but also follows from (4.1) by taking 8 — 0%) and then for

¢ \4
this value of § the right hand side of (4.1) becomes §%w, (ﬁ) F. This proves

(4.1) Alg)

q

q
the inequality Bﬁgq(F, f) < 0w, ((Sfl]iilF) F.
Now we consider the continuous positive decreasing function

(4.2) ga(t) = f(1 —a)t™®
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where 0 < a < 1. Clearly fol ga(t)dt = f and since ; fo go(u)du =
(0,1] we have A(g,) = ( ) fo tE’lga(t))‘l 4t " The condition fo (t%ga(t))q% =
F' is then equivalent to the equation in «

p(l—a) F

4.3 - = .
“3) ql—ap fi
Consider the function w(a) = 5(1 a;} defined on 0 < o < . We have w'(a) =
%ij*qw(a), w(0) =2 and lim w(a)=+oo. Now consider the following

a—(1/p)*
cases:

Case 1 1 < p < ¢.In this case the function w has a minimum at oy = < =

p(q 1)
and is strictly increasing on [av, p) and since also ag = 1 — p— =1- % which gives
w(ap) = 6971, its range is [6971, +00). This implies that the domain of Bﬁgjq(F, )
in this case consists of all F, f with 0 < f? < §971F as asserted in Theorem 4,
and with such a pair (F, f) there exists a unique o = «(F, f) in the interval [ayp, %)

such that w(a) = f% Then for this o we have fol ga(t)dt = f, fo t7 golt )% =F

q
and A(gy) = (%a) F and since -~ > —1— = § we may write -1 = §z with

1 T—a = 1T—ao
z>1 (and also z < §p’ = ¢') and then it is easy to see that (4.3) transforms into
q

H,(z) = % and so z = w, (%) giving that A(ga) = 0%w, (%) F and
thus proving Theorem 4 in this case.

Case 2 1 < ¢ < p.In this case the function w has positive derivative hence
it is one to one and its range is [£,+00). On the other hand for any nonnega-
tive decreasmg right continuous function g on (0, 1] Satlsfymg fo t)dt = f and

fo tv g(t))?% = F, Chebyshev’s inequality (applicable since 5~ is here decreas-
ing) gives

1 1 1 1 1
F:/ g(t)qt%*dtz/ g(t)th/ t%’ldtz(/ g(t)dt)q/ t5tdt = faL
0 0 0 0 0 q

therefore on the one hand this proves that the domain of BEZ:Q(F . f) in this case
consists of all F), f with 0 < f7 < %F as asserted in Theorem 4, and on the other

hand given any pair (F, f) satisfying f% > % in (4.3) there exists a unique a =
a(F, f) in the interval [0, ) such that w(a) = q. Since in this case § = % <1 we

may write 12—~ = 6z with 2 > + > 1 (and also z < p’ = ¢’) and then as in case 1 we
1 q q
get for this a, [} ga(t)dt = f, [i (17 ga(£)79 = F and A(gy) = 0%, ((SfiF) F.

The only difference here is that only the restriction of H, on [%,q’] is inverted.
These complete the proof of Theorem 4.
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